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DOUBLE EXTENSIONS OF LIE SUPERALGEBRAS IN
CHARACTERISTIC 2 WITH NONDEGENERATE INVARIANT
SUPERSYMMETRIC BILINEAR FORM
SAI¨D BENAYADI AND SOFIANE BOUARROUDJ
Abstract. A Lie (super)algebra with a non-degenerate invariant symmetric bilinear form
will be called a NIS-Lie (super)algebra. The double extension of a NIS-Lie (super)algebra is
the result of simultaneously adding to it a central element and an outer derivation so that the
larger algebra has also a NIS. Affine loop algebras, Lie (super)algebras with symmetrizable
Cartan matrix over any field, Manin triples, symplectic reflection (super)algebras are among
the Lie (super)algebras suitable to be doubly extended.
We consider double extensions of Lie superalgebras in characteristic 2, and concentrate
on peculiarities of these notions related with the possibility for the bilinear form, the center,
and the derivation to be odd. Two Lie superalgebras we discovered by this method are
indigenous to the characteristic 2.
Keywords. Lie superalgebra, characteristic 2, double extension.
1. Introduction
1.1. NIS-algebras. Hereafter a Lie algebra with aNon-degenerate Invariant Symmet-
ric bilinear form B will be called a NIS-Lie algebra1. If the Lie algebra is simple and finite-
dimensional over C, then such a form B is induced by the trace in any irreducible module
of dimension > 1 and is a multiple of the Killing form induced by the trace in the adjoint
representation.
The Killing form, however, becomes degenerate if the simple Lie algebra is defined over a
field of characteristic p > 0, see [S], or on simple Lie superalgebras, see [BKLS]. Some simple
Lie algebras over the ground field of characteristic p > 0 (and some simple Lie superalgebras
over any field) have no non-degenerate invariant bilinear form induced by the (super)-trace
in any irreducible representation.
1.2. Double extensions of NIS-algebras. From ancient time people computed nontrivial
central extensions and outer derivations of Lie (super)algebras separately, see a recent review
[BGLL1]. There were known, however, important examples when both an outer derivation
and a nontrivial central extension of a given Lie (super)algebra are present simultaneously;
interestingly, this happens often in presence of a non-degenerate invariant (super)symmetric
bilinear form.
Medina and Revoy in [MR] introduced the notion of double extensions for NIS-Lie algebras
in characteristic 0, and showed that any such algebra g can be described inductively in terms
of another NIS-Lie algebra a of dimension dim(g)− 2, provided the center of g is not trivial
Date: June 13, 2018.
SB was supported by the grant NYUAD-065.
1Initially, the term quadratic was used to single out these algebras, see [ABB], [ABBQ], [BB], [BBB],
[B]. The term had been already occupied: V. Drinfeld [Dr1] introduced quadratic algebras — the ones with
quadratic relations — in a paper published in 1986 (and never translated from Russian, as far as we know);
Yu. Manin used Drinfeld’s term in his book, [Ma]. To avoid confusion, we decided from now on to call the
algebras we are studying after their main properties. Besides, the form whose properties are vital for us is
bilinear, not quadratic.
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(see also [FS]). Solvable NIS-Lie algebras can be embraced by this method since the center
is not trivial.
More interesting examples, however, are Manin triples, Manin–Olshanski triples, and affine
Kac–Moody Lie algebras g(A) with Cartan matrix A. Each of these examples is a double
extension. For example, g(A) is a double extension2 of the loop algebra a = k⊗C[t−1, t] that
has no Cartan matrix. The basis of a lacks 2 elements of g(A): the central element x and
the outer derivative D = t d
dt
of a, where t = eiϕ, and ϕ is the angle parameter on the circle.
Recall the definition from [MR]. Let a be a Lie algebra over a ground field K of charac-
teristic 0, Ba a non-degenerate invariant symmetric bilinear form on a and D ∈ der(a) an
outer derivation3. If Ba is D-invariant, i.e.,
Ba(D(a), b) +Bh(a,D(b)) = 0 for any a, b ∈ a,
then there exists a NIS-Lie algebra structure on g := K ⊕ a ⊕ K ∗, hereafter called the
double extension of a, where K = Kx, and K ∗ = Kx∗ for x∗ = D, defined as follows (for
any a, b ∈ a):
(1) [x, g] = 0; [a, b]g = [a, b]a +Ba(D(a), b)x; [x
∗, a] = D(a).
Clearly, since x spans an ideal of g, the dual x∗ of x spans an outer derivation of a;
therefore it might be reasonable to abbreviate the term double extension and call it more
suggestively D-extension hinting at the presence of both (central) extension and a derivation
(D, often given explicitly).
Examples of Lie (super)algebras that naturally have several k ≥ 1 linearly independent
central elements xi, where i = 1, . . . , k, and corresponding to them outer derivations x
∗
i , are
related to Lie (super)algebras with Cartan matrices of corank k, see [BGL2].
1.3. Superization. The first superization of results by Medina and Revoy is due to Ben-
amor and Benayadi [BB] provided dim(g1¯) = 2. They showed that every non-simple NIS-Lie
superalgebra can be described by successive D-extensions. Further, Benayadi [B] extended
the result provided g0¯ is reductive or solvable and g1¯ is a completely reducible g0¯-module. Al-
buquerque, Barreiro and Benayadi [ABB] generalized the result of [B] to the case where g1¯ is
not completely reducible g0¯-module. The inductive description in this case, however, is given
by means of another type of double extensions (for details, see [Bor] [B2] and [BBB]). Later
on, the same authors introduced the notion of “odd” NIS-Lie superalgebras, and showed
that, in this case, g1¯ is a completely reducible g0¯-module if and only if g0¯ is reductive.
Superization of the definition of D-extension introduces completely new possibilities: the
bilinear form Ba, the derivation D, the central element x, and/or its dual x
∗
may be odd4; the first of these possibilities is related with non-standard Manin-Olshansky
triples, see [LSh], and loops with values in psq(n) and h(1)(0|2n+1). Passage to the ground
field of positive characteristic > 2 brings new examples but nothing conceptually new when
it comes to the construction of D-extensions, except, perhaps, for inductive descriptions a`
la Medina and Revoy, because Lie’s theorem and the Levi decomposition do not hold true
anymore in positive characteristic.
The case of characteristic 2 is completely different and requires new definitions and
methods. Here we investigate all these new features boldfaced above. The methods described
in [B], [BB] and [ABB] can be applied mutatis mutentis to the case of Lie superalgebras in
2The central extension in this case is defined by a 2-cocycle not of the form Ba(D(a), b) as described by
Eq. (1).
3If the derivation D is inner, then the double extension g is nothing but a⊕ c, where c is a 2-dimensional
center of g.
4The parities are constrained: p(Ba) = p(x) + p(x
∗).
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positive characteristic p > 2 without any difficulties. The only possible difference is that
the space of derivations in positive characteristic could be larger than that in the case of
characteristic zero, and hence new, up to an isometry, D-extended Lie superalgebras might
appear. In characteristic 2, contrariwise, the methods of [B], [BB] and [ABB] fail completely,
mainly because of the squaring on a Lie superalgebra (see §2). Moreover, even though the
double extension a` la Medina and Revoy could be applied to the Lie algebra F (a), where F is
the functor of forgetting the parity, it will not help to recover the squaring on K ⊕F (a)⊕K ∗
to turn the later into a Lie superalgebra. Hence, we need another ingredient, a peculiarity of
characteristic 2: a quadratic form defined on a1¯. To summarize: carrying out a D-extension
in characteristic 2, requires an outer derivation D ∈ der(a), a D-invariant NIS Ba on a and
a quadratic form α on a1¯.
1.4. Semi-trivial cocycles. In [BGLLS], the authors introduced the notion of semi-trivial
2-cocycles in the deformation theory of Lie (super)algebras. A 2-cocycle is called semi trivial
if it is cohomology class is non-trivial in H2(a; a) but the deform in the direction of this 2-
cocycle is isomorphic as abstract Lie (super)algebra (not as deformed ones) to the original
one.
In this paper we encounter a similar phenomenon: two non-cohomolgous derivations D
and D˜ might produce the same D-extension up to an isometry. The description of these
derivations, called semi-trivial, is given in §3.3 and §4.3. This phenomenon has been observed
first for Lie algebras in characteristic 0 in [FS]. We give a sufficient and necessary condition
for two D-extensions (g, Bg) and (g˜, Bg˜) to be isometric.
The Chevalley-Eilenberg differential for Lie superalgebras in characteristic 2 was modified
to take the squaring into account, see [BGLL1]. With this definition, we do have out(a) =
H1(a; a), as shown in [BGLL1].
1.5. The NIS-Lie superalgebras p˜o(0|4) and po(0|5;m). The first derived of the
Hamiltonian Lie superalgebra h(1)(0|4) is a NIS-Lie superalgebra. Unexpectedly, we show
that h(1)(0|4) admits three non-isometricD-extensions: the Poisson Lie superalgebra po(0|4),
the general Lie superalgebra gl(2|2) endowed with the super trace, and a new one we call
p˜o(0|4). This is also a peculiarity of the characteristic 2, since the NIS-Lie superalgebra
p˜o(0|4) has no analog in characteristic p 6= 2 (see §5).
We also construct a parametric family of Poisson NIS-Lie superalgebras po(0|5;λ) as a
result of a D-extension of h(1)(0|5). We show that, for λ 6= 0, no member of this family is
isometric to po(0|5) but coincides with it if λ = 0.
Using Grozman’s package SuperLie [Gr], we computed for m = 6, 7 and 8 the cohomology
H1(h(1)(0|m); h(1)(0|m)). The analogues of the derivation that led to p˜o(0|4) seem also to
exist for m = 6 and 8. Also, analogues of the derivation that led to po(0|5;λ) seem also to
exist for m = 7. Therefore, we propose the following conjecture.
Conjecture. The NIS-Lie superalgebras p˜o(0|2m) and po(0|2m + 1;λ) exist for every
m ≥ 2.
1.6. Examples of NIS-algebras. There are several classes of simple Lie (super)algebras
on which the existence of the non-degenerate invariant bilinear form is known (for details,
see [BKLS]):
• Lie (super)algebras with indecomposable symmetrizable invertible Cartan matrix A.
For a recipe how to construct (a unique, up to proportionality and non-degenerate if A is
invertible) invariant symmetric bilinear form on such Lie algebra, see [K], Ch.2; superization
is immediate if p 6= 2. Such Lie (super)algebras are classified in the following cases:
A) Finite dimensional Lie (super)algebras over an algebraically closed field of prime char-
acteristic; see [BGL2]. Sometimes it is possible to extend NIS from these (and several
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other types of) Lie (super)algebras to their deforms; for a classification of possible cases, see
[BKLS].
B) Lie (super)algebras with indecomposable Cartan matrices are classified over C if
(Ba) their growth is finite or polynomial, see [K2], [Sc], [Se] and [V],
(Bb) they are “almost affine”, see [CCLL].
• Lie superalgebras of Calogero–Moser model, see [KS] and [KT]. It is proven that sim-
ple Lie (super)algebra might have several non-degenerate invariant bilinear forms; this is
impossible for finite dimensional Lie algebras.
• There are also other simple Lie superalgebras which are not subquotients of Lie superal-
gebras with Cartan matrix but still having a NIS, in all the cases but one, this NIS is ODD,
see [BKLS].
1.7. Notation. The statements proved with the aid of SuperLie code are called Claims.
To make our text more graphic, we say “D0¯-extensions” or “D1¯-extensions”, depending on
the parity of D, rather than just “D-extensions”.
The 1-cochain xˆ ∈ C1(g) denotes the dual of x ∈ g; when exterior products of cochains
are considered we assume that p(xˆ) = p(x) + 1¯, where p is the parity function.
2. Lie superalgebras for p = 2
For basics on Lie superalgebras over fields K of characteristic 2, see [LeD, LeD2, BGLLS2].
For Lie superalgebras with Cartan matrices, see [BGLL, BGL2]; for descriptions in terms of
Cartan-Tanaka-Shchepochkina prolongations, see [BGLLS1, BGLLS2]; for the classification
of simple Lie superalgebras, see [BGL2, BLLSq].
If p 6= 2, superization of many notions of Linear Algebra is performed, as is now well-
known, with the help of the Sign Rule. For p = 2, one has to be more subtle. We recall
basic definitions retaining the minus sign from definitions for p 6= 2: for clarity.
A Lie superalgebra in characteristic 2 is a superspace g = g0¯ ⊕ g1¯ over a field K such
that the even part g0¯ is a Lie algebra, the odd part g1¯ is a g0¯-module made two-sided by
anti -symmetry, and on the odd part g1¯ a squaring is defined as a map given by
(2)
sg : g1¯ → g0¯ f 7→ sg(f) such that sg(λf) = λ2sg(f) for any f ∈ g1¯ and λ ∈ K, and
the map g1¯ × g1¯ → g0¯ given by (f, g) 7→ sg(f + g)− sg(f)− sg(g)
is a bilinear map on g1¯ with values in g0¯.
The bracket on g0¯ as well as the action of g0¯ on g1¯ is denoted by the same symbol [·, ·]g. For
any f, g ∈ g1¯, their bracket is
[f, g]g := sg(f + g)− sg(f)− sg(g).
The Jacobi identity involving the squaring reads as follows:
(3) [sg(f), g]g = [f, [f, g]g]g for any f ∈ g1¯ and g ∈ g.
It is worth noticing that given such a data we get:
[f, f ]g = 0 for any f ∈ g; and(4)
[f, [g, h]g]g+ 	 (f, g, h) = 0 for any f, g, h ∈ g.(5)
By forgetting the squaring and keeping only the brackets by setting [f, f ] = 0 for f odd, g
turns into an ordinary Lie algebra, see [BLLSq].
For any Lie superalgebra g in characteristic 2, its derived algebras are defined to be (for
i ≥ 0)
g(0) := g, g(i+1) = [g(i), g(i)]g + Span{sg(f) | f ∈ (g(i))1¯}.
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A linear map D : g→ g is called a derivation of the Lie superalgebra g if, in addition to
D([f, g]g) = [D(f), g]g + [f,D(g)]g for any f ∈ g0¯ and g ∈ g we have(6)
D(sg(f)) = [D(f), f ]g for any f ∈ g1¯.(7)
It is worth noticing that condition (7) implies condition (6) if f, g ∈ g1¯.
We denote the space of all derivations of g by der(g).
Let (g, [·, ·]g, sg) and (h, [·, ·]h, sh) be two Lie superalgebras in characteristic 2. An even
linear map ϕ : g→ h is called a morphism (of Lie superalgebras) if, in addition to
ϕ([f, g]g) = [ϕ(f), ϕ(g)]h for any f ∈ g0¯ and g ∈ g we have
ϕ(sg(f)) = sh(ϕ(f)) for any f ∈ g1¯.
Therefore, morphisms in the category of Lie superalgebras in characteristic 2 preserve not
only the bracket but the squaring as well. In particular, subalgebras and ideals have to be
stable under the bracket and the squaring.
An even linear map ρ : g −→ gl(V ) is a representation of the Lie superalgebra g in the
superspace V called g-module if
(8) ρ([f, g]) = [ρ(f), ρ(g)] for any f, g ∈ g; and ρ(sg(f)) = (ρ(f))2 for any f ∈ g1¯.
Let Bg be a bilinear form on g := (g, [·, ·]g, sg). We say that
(A) Bg is symmetric if Bg(f, g) = Bg(g, f) for any f, g ∈ g; andBg(f, f) = 0 for any f ∈ g1¯;
(B) Bg is invariant if Bg([f, g]g, h) = Bg(f, [g, h]g) for any f, g, h ∈ g.
We call the Lie superalgebra g := (g, [·, ·]g, sg) a NIS-Lie superalgebra if it admits a ho-
mogenous non-degenerate, invariant and symmetric bilinear form Bg. We denote such a
superalgebra by (g, Bg).
A NIS-Lie superalgebra (g, Bg)is said to be reducible if it can be decomposed into direct
sums of ideals, namely g = ⊕Ii, such that all Ii are mutually orthogonal.
2.1. Manin triples. Let (h, sh, [·, ·]h) be a finite-dimensional Lie superalgebra (not neces-
sarily “NIS”), and let the dual space have the structure of an abelian Lie superalgebra. A
NIS-Lie superalgebra structure on g := h ⊕ h∗ is naturally defined as follows. Over C, the
triple (g, h, h∗) is called a Manin triple (see [Dr]), although our construction is a particular
case of Manin triple. The squaring on g is defined as follows (for any h ∈ h1¯ and pi ∈ h∗1¯):
(9) sg(h+ pi) := sh(h) + pi ◦ adh for any h+ pi ∈ g1¯,
where pi ◦ adh ∈ h∗0¯ should be understood as follows:
pi ◦ adh(k) = pi([h, k]h) for all k ∈ h.
The bracket of two elements is defined as follows:
(10) [h+ pi, h′ + pi′]g := [h, h
′]h + pi
′ ◦ adh + pi ◦ adh′ for any h+ pi, h′ + pi′ ∈ g.
It is easy to show that the map sg defined by Eq. (9) is indeed a squaring, i.e., satisfies Eq.
(2), and the bracket [·, ·]g defined by Eq. (10) satisfies the Jacobi identity.
• Bg is even. We define a bilinear form on g as follows:
(11) Bg(h+ pi, h
′ + pi′) := pi(h′) + pi′(h) for any h+ pi, h′ + pi′ ∈ g.
Obviously, Bg is even. It is easy to show that the bilinear form Bg is non-degenerate, invariant
and symmetric.
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• Bg is odd. A NIS-Lie superalgebra structure on g := h⊕ Π(h∗), where Π is the change
of parity functor, is naturally defined as follows. Define the squaring on g as follows (for any
h ∈ h1¯ and pi ∈ h∗0¯):
(12) sg(h+Π(pi)) := sh(h) + Π(pi) ◦ adh for any h+Π(pi) ∈ g1¯.
The bracket of two elements is defined as follows:
(13) [h+Π(pi), h′+Π(pi′)]g := [h, h
′]h+Π(pi
′)◦adh+Π(pi)◦adh′ for any h+ pi, h′ + pi′ ∈ g.
It is easy to show that the map sg defined by Eq. (12) is indeed a squaring, and the bracket
[·, ·]g defined by Eq. (13) satisfies the Jacobi identity.
We define a bilinear form on g as follows:
(14) Bg(h+Π(pi), h
′ +Π(pi′)) := pi(h′) + pi′(h) for any h+Π(pi), h′ +Π(pi′) ∈ g.
This bilinear form is odd, non-degenerate, invariant, and symmetric.
2.2. Quadratic and bilinear forms in characteristic 2. A given map α : V → K, where
V is a K-vector space, is called a quadratic form if
α(λv) = λ2α(v) for any λ ∈ K and for any v ∈ V , and the map
(u, v) 7→ Bα(u, v) := α(u+ v)− α(u)− α(v) is bilinear.
The form Bα is called the polar form of α. Recall that non-degenerate quadratic forms over
a field of characteristic 2 are classified by the Arf invariant, see [D]. Recently, Lebedev
classified non-degenerate bilinear forms over a perfect field K (i.e., such that K2 = K), see
[LeD, LeD2]. This is a non-trivial result not related with a well-known classification of
quadratic forms in any characteristic, because in characteristic 2, the maps
α←→ Bα
are not one-to-one. On any 2n-dimensional space, there exists a Darboux basis (vi)
2n
i=1 in
which every non-degenerate quadratic form can be written as:
α
( ∑
1≤i≤2n
λivi
)
=
∑
1≤i≤n
λiλi+n + A(λ
2
n + λ
2
2n), where A ∈ K.
Its Arf invariant is A2 (cf. [D]). The polar form associated with it is given by the formula
Bα(x, y) =
∑
1≤i≤n
(λiµn+i − µiλn+i) , where x =
∑
1≤i≤2n
λivi and y =
∑
1≤i≤2n
µivi.
3. The case where the bilinear form B is even
3.1. D0¯-extensions.
3.1.1. Theorem. Let (a, Ba) be a NIS-Lie superalgebra in characteristic 2 such that Ba is
even. Let D ∈ der0¯(a) be a derivation satisfying the following conditions:
Ba(D(a), b) +Ba(a,D(b)) = 0 for any a, b ∈ a; Ba(D(a), a) = 0 for any a ∈ a0¯.(15)
Let α : a1¯ → K be a quadratic form and Bα its polar form which satisfies
Ba(a,D(b)) = Bα(a, b) for any a, b ∈ a1¯.(16)
Then there exists a NIS-Lie superalgebra structure on g := K ⊕ a ⊕ K ∗, where K :=
Span{x} for x even, defined as follows. The squaring is given by
sg(a) := sa(a) + α(a)x for any a ∈ g1¯ (= a1¯).
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The bracket on g is defined as follows:
(17) [K , g]g = 0, [a, b]g := Ba(D(a), b)x+ [a, b]a, [x
∗, a]g := D(a) for any a, b ∈ a.
The non-degenerate symmetric bilinear form Bg on g is defined as follows:
Bg|a×a := Ba, Bg(a,K ) := 0, Bg(x, x∗) := 1, Bg(a,K ∗) := 0,
Bg(x, x) := 0, Bg(x
∗, x∗) arbitrary.
Moreover, the form Bg, obviously even, is invariant on g.
We call the Lie superalgebra (g, Bg) constructed in Theorem 3.1.1 aD0¯-extension of (a, Ba)
by means of D and α.
Proof. Let us first show that sg is indeed a squaring on g. Recall that since K and K
∗ are
even vector spaces, then g1¯ = a1¯. Now, let λ ∈ K and let a ∈ a1¯; we have
sg(λa) = α(λa)x+ sa(λa) = λ
2α(a)x+ λ2sa(a) = λ
2sg(a),
since α is a quadratic form and sa is a squaring on a. Let us show that the bracket on g is
symmetric. Indeed, using condition (15), for any f = tx + a + sx∗ and g = t˜x + b + s˜x∗ in
g, where s, t, s˜, t˜ ∈ K, we have
[f, g]g = Ba(D(a), b)x+ [a, b]a + sD(b) + s˜D(a)
= Ba(D(b), a)x+ [b, a]a + sD(b) + s˜D(a)
= [g, f ]g.
Let us check the Jacobi identity relative to the squaring. Indeed, for any a ∈ g1¯ and for
any even element g = sx+ c+ tx∗, where c ∈ a, we have
[sg(a), g]g + [a, [a, g]g]g = [α(a)x+ sa(a), g]g + [a, [a, c]a + tD(a)]g
= [sa(a), g]g +Ba(D(a), [a, c]a)x+ [a, [a, c]a]a + t[a,D(a)]a
+tBa(D(a), D(a))x
= tD(sa(a)) + Ba(D(sa(a)), c)x+ [sa(a), c]a
+Ba(D(a), [a, c]a)x+ [a, [a, c]a]a + t[a,D(a)]a
= [sa(a), c]a + [a, [a, c]a]a = 0,
since sa is a squaring on a, D ∈ der(a), condition (15), and the fact that
Ba(D(sa(a)), c) = Ba([D(a), a]a, c) = Ba(D(a), [a, c]a).
The proof of the Jacobi identity for the Lie bracket would also follow from the fact that the
Medina-Revoy construction is still valid in characteristic 2, and for the convenience of the
reader we repeat the arguments for that case.
To check the Jacobi identity, we proceed as follows.
If h = x, the identity
[x, [f, g]g]g + [g, [x, f ]g]g + [f, [g, x]g]g = 0
is certainly satisfied since x is central in g.
If h = x∗, the identity
[x∗, [f, g]g]g + [g, [x
∗, f ]g]g + [f, [g, x
∗]g]g = 0
is also satisfied for the following reasons. If either f or g is x, then we are done since x is
central in g. Now if f = x∗ (or the other way round, g = x∗), then
[x∗, [x∗, g]g]g + [g, [x
∗, x∗]g]g + [x
∗, [g, x∗]g]g = 2D(D(g)) = 0.
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Let us assume now that f, g ∈ a. We have (if f and g are not both odd)
[x∗, [f, g]g]g + [g, [x
∗, f ]g]g + [f, [g, x
∗]g]g = [x
∗, Ba(D(f), g)x+ [f, g]a]g + [g,D(f)]g
+[f,D(g)]g
= D([f, g]a) +Ba(D(g), D(f))x+ [g,D(f)]a
+Ba(D(f), D(g))x+ [f,D(g)]a
= 0,
since D ∈ der(a) and Ba is (super)symmetric.
If f and g are both odd, then
[x∗, [f, g]g]g + [g, [x
∗, f ]g]g + [f, [g, x
∗]g]g = [x
∗, sg(f + g) + sg(f) + sg(g)]g + [g,D(f)]g
+[f,D(g)]g
= [x∗, Bα(f, g)x+ [f, g]a]g +Bα(g,D(f))x
+[g,D(f)]a +Bα(f,D(g))x+ [f,D(g)]a = 0.
since D ∈ der(a), and Bα(f,D(g)) = Bα(D(f), g) from condition (16).
From now and on we assume that f, g, h ∈ a. We distinguish several cases to check the
Jacobi identity.
If f, g and h are even, then we have
[f, [g, h]g]g+ 	 (f, g, h) = [f, Ba(D(g), h)x+ [g, h]a]g+ 	 (f, g, h)
= [f, [g, h]a]a +Ba(D(f), [g, h]a)x+ 	 (f, g, h) = 0,
because the JI holds on a and thanks to Lemma 3.1.2.
3.1.2. Lemma. Let (a, Ba) be a NIS-Lie superalgebra. Let D be in der(a). Suppose further
that Ba satisfies condition (15). Then
Ba(D(h), [f, g]a)+ 	 (f, g, h) = 0 for any f, g, h ∈ a.
Proof. The proof follows from the fact that Ba is invariant and D is a derivation. Indeed,
Ba(D(h), [f, g]a)+ 	 (f, g, h) = Ba(h,D[f, g]a) +Ba(h, [D(f), g]a) +Ba(h, [f,D(g)]a)
= Ba(h,D[f, g]a + [D(f), g]a + [f,D(g)]a) = 0.

If f and g are both odd but h is even, then we have
[f, [g, h]g]g + [h, [f, g]g]g + [g, [h, f ]g]g = [f, Ba(D(g), h)x+ [g, h]a]g + [h,Bα(f, g)x+ [f, g]a]g
+[g, Ba(D(h), f)x+ [h, f ]a]g
= Bα(f, [g, h]a)x+Bα(g, [h, f ]a)x+Ba(D(h), [f, g]a)x
+[h, [f, g]a]a + [f, [g, h]a]a + [g, [h, f ]a]a = 0,
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because the JI holds on a, and Bα(f, [g, h]a) +Bα(g, [h, f ]a) +Ba(D(h), [f, g]a) = 0. Indeed,
using conditions (15) and (16), we have
Ba(D(h), [f, g]a) = Ba(h,D[f, g]a)
= Ba(h, [D(f), g]a + [f,D(g)]a)
= Ba(D(f), [h, g]a) +Ba(D(g), [h, f ]a)
= Bα(f, [h, g]a) +Bα(g, [h, f ]a).
If f is odd and both g and h are even, we have
[f, [g, h]g]g+ 	 (f, g, h) = [f, Ba(D(g), h)x+ [g, h]a]g+ 	 (f, g, h)
= [f, [g, h]a]a +Ba(D(f), [g, h]a)x+ 	 (f, g, h) = 0,
since the JI holds on a and Ba is even.
Let us now show that Bg is invariant. We should check that
Bg([f, g]g, h) = Bg(f, [g, h]g) for any f, g and h ∈ g.
This is true if f = x because x is central and by the very definition of Bg. If f = x
∗,
g = ux+ b+ vx∗ and h = wx+ c+ zx∗ (where g and h are not both odd, u, v, wz ∈ K), we
have
Bg([f, g]g, h) = Bg(D(b), wx+ c+ zx
∗)
= Ba(D(b), c).
On the other hand,
Bg(f, [g, h]g) = Bg(x
∗, Ba(D(b), c)x+ [b, c]a + vD(c) + zD(b))
= Ba(D(b), c).
If f = x∗, g = b and h = c, where g, h ∈ a1¯, we have
Bg([f, g]g, h) = Ba(D(b), c).
On the other hand, using condition (16) we have
Bg(f, [g, h]g) = Bg(x
∗, Bα(b, c)x+ [b, c]a)
= Bα(b, c)
= Ba(D(b), c).
If f, g, h ∈ a, the invariance of Bg easily follows from that of Ba. The fact that the bilinear
form Bg is non-degenerate, even and symmetric is clear. 
Now, we need the following definition. The “special center” of g relative to Bg is the
following set
(18) zs(g) := z(g) ∩ sg(g1¯)⊥.
Observe that zs(g)1¯ = z(g)1¯ and zs(g)0¯ = z(g)0¯ ∩ sg(g1¯)⊥. Moreover, zs(g) is not necessarily
an ideal.
3.1.3. Proposition. Let (g, Bg) be an irreducible NIS-Lie superalgebra. Suppose that zs(g)0¯ 6=
{0}. Then (g, Bg) is obtained as an D0¯-extension from a NIS-Lie superalgebra (a, Ba).
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Proof. Let x be a non-zero element in zs(g)0¯. The subspace K := Span{x} is an ideal in
(g, Bg) because x is central in g. Moreover, K
⊥ is also an ideal in (g, Bg). Indeed, let us
show first that (K ⊥)1¯ = g1¯. This is true because x is orthogonal to any odd element since
Bg is even. Now let f ∈ (K ⊥)1¯ = g1¯. It follows that Bg(x, sg(f)) = 0 since x ∈ zs(g). Hence
sg(f) ∈ K ⊥. On the other hand, if f ∈ K ⊥ and g ∈ g, then [f, g]g ∈ K ⊥ because
Bg(x, [f, g]g) = Bg([x, f ]g, g) = Bg(0, g) = 0.
Since K is 1-dimensional, then either K ∩K ⊥ = {0} or K ∩K ⊥ = K . The first case is
to be disregarded because otherwise g = K ⊕K ⊥ and the Lie superalgebra g will not be
irreducible. Hence, K ∩K ⊥ = K . It follows that K ⊂ K ⊥ and dim(K ⊥) = dim(g)− 1.
Therefore, there exists x∗ ∈ g0¯ such that
g = K ⊥ ⊕K ∗, where K ∗ := Span{x∗}.
This x∗ can be normalized to have Bg(x, x
∗) = 1. Besides, Bg(x, x) = 0 since K ∩K ⊥ = K .
Let us define a := (K + K ∗)⊥. We then have a decomposition g = K ⊕ a⊕K ∗.
Let us define a bilinear form on a by setting:
Ba = Bg|a×a.
The form Ba is non-degenerate on a. Indeed, suppose there exists an a ∈ a such that
Ba(a, f) = 0 for any f ∈ a.
But a is also orthogonal to x and x∗. It follows that Bg(a, f) = 0 for any f ∈ g. Hence,
a = 0, since Bg is nondegenerate.
Let us show now that there exists a NIS-Lie superalgebra structure on the vector space
a for which g is its double extension. Let a, b ∈ a. The bracket [a, b]g belongs to K ⊕ a
because a ⊂ K ⊥ = K ⊕ a and the latter is an ideal. It follows that
[a, b]g = φ(a, b)x+ ψ(a, b), [a, x
∗]g = f(a)x+D(a),
where ψ(a, b), D(a) ∈ a, and φ(a, b), f(a) ∈ K. Let us show that φ(a, b) = Bg(a,D(b)).
Indeed, since Bg([a, b]g, x
∗) = Bg(a, [b, x
∗]g), it follows that
Bg(φ(a, b)x+ ψ(a, b), x
∗) = Bg(a, f(b)x+D(b)).
Since ψ(a, b) is orthogonal to x∗, and a is orthogonal to x, and Bg(x, x
∗) = 1, we get
φ(a, b) = Bg(a,D(b)). The antisymmetry of the bracket [·, ·]g implies the antisymmery of
the map φ(a, b) which, in turn, implies that
Bg(a,D(b)) = Bg(D(a), b) for any a, b ∈ a.
Similarly,
0 = Bg([x
∗, x∗]g, a) = Bg(x
∗, [x∗, a]g) = Bg(x
∗, f(a)x+D(a)) = f(a) for any a ∈ a.
This implies that f(a) = 0 for any a ∈ a.
The map ψ is a bilinear on a because [·, ·]g is bilinear, so for convenience let us re-denote
ψ by [·, ·]a. We still have to show that the Jacobi identity is satisfied for [·, ·]a. Let us now
describe a squaring on a. Since a ⊂ K ⊥, then sg(a) ∈ (K ⊥)0¯ = K ⊕ a0¯, for any a ∈ a1¯. It
follows then that
sg(a) = α(a)x+ sa(a).
Now, because sg is a squaring on g, it follows that α is a quadratic form on a1¯ and sa behaves
as a squaring on a. It follows that if a, b ∈ a1¯, then
[a, b]g = sg(a+ b) + sg(a) + sg(b)
= Bα(a, b)x+ [a, b]a,
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where we have put [a, b]a := sa(a+ b) + sa(a) + sa(b).
Let us show next that D is a derivation on a. Indeed, the condition
[sg(a), x
∗]g = [a, [a, x
∗]g]g
implies that D(sa(a)) = [a,D(a)]a because Bg(D(a), D(a)) = 0 since a is odd. Moreover, for
any a, b and c in a we have
0 = [[a, b]g, c]g+ 	 (a, b, c)
= [[a, b]a +Ba(D(a), b)x, c]g+ 	 (a, b, c)
= [[a, b]a, c]a + Bg(D[a, b]a, c)x+ 	 (a, b, c)
This implies that the JI for the bracket [., .]a is satisfied and
Bg(c,D[a, b]a + [a,D(b)]a + [D(a), b]a) = 0 for any a, b, c ∈ a.
Since Bg is also non-degenerate on a, it follows that D([a, b]a) = [D(a), b]a + [a,D(b)]a.
Let us assume that a and b are odd and c is even
0 = [[a, b]g, c]g + [[c, a]g, b]g + [[b, c]g, a]g
= [[a, b]a, c]g + [[c, a]a, b]g + [[b, c]a, a]g
= [[a, b]a, c]a +Ba(D[a, b]a, c)x+ [[c, a]a, b]a +Bα([c, a]a, b)x+ [[b, c]a, a]a
+Bα([b, c]a, a)x.
It follows that the JI is satisfied for the bracket [·, ·]a, provided
(19) Ba(D[a, b]a, c) +Bα([c, a]a, b) +Bα([b, c]a, a) = 0.
We will show later that this condition follows form another condition.
We can similarly show that the JI identity on g for one element odd and two elements
even implies the JI on a.
Now, we should prove that the bilinear formBa := Bg|a×a is also invariant on (a, [·, ·]a, sa, Ba).
Indeed, for any a, b, c ∈ a with at least two of them even, we have
Ba(a, [b, c]a) = Bg(a, [b, c]g +Ba(D(b), c)x)
= Bg(a, [b, c]g)
= Bg([a, b]g, c)
= Bg([a, b]a +Ba(D(a), b)x, c)
= Bg([a, b]a, c)
= Ba([a, b]a, c).
Now, for any a, b ∈ a1¯ and c ∈ a0¯, we have
Ba(a, [b, c]a) = Bg(a, [b, c]g +Ba(D(b), c)x)
= Bg(a, [b, c]g)
= Bg([a, b]g, c)
= Bg([a, b]a +Bα(a, b)x, c)
= Bg([a, b]a, c)
= Ba([a, b]a, c).
Similarly, one can prove the invariance property when a, b, c ∈ a1¯.
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Next, we show that the bilinear form Ba satisfies the condition
Ba(D(a), b) = Bα(a, b) for any a, b ∈ a1¯.
which, in turn, implies Eq. (19). We have,
Ba(D(a), b) = Bg(D(a), b)
= Bg([x
∗, a]g, b)
= Bg(x
∗, [a, b]g)
= Bg(x
∗, [a, b]a +Bα(a, b)x)
= Bα(a, b).
The proof now is complete. 
3.1.4. Remark. Proposition 3.1.3 is an attempt to generalize the result of [MR] that any
non-simple NIS-Lie algebra for p = 0 can be obtained as a result of a double extension
(or a generalized double extension) of another NIS-Lie algebra. Several generalizations were
attempted in the papers [BB], [B] and [BBB] in the case of NIS-Lie superalgebras for p = 0.
The proof of Proposition 3.1.3 we provide has been modified a lot to take the squaring into
account, and overcome the difficulty that, for Lie superalgebras in characteristic p = 2, if I
is an ideal then I⊥ is not necessarily an ideal.
3.2. D1¯-extensions.
3.2.1. Theorem. Let (a, Ba) be a NIS-Lie superalgebra in characteristic 2 such that Ba is
even. Let D ∈ der1¯(a) and a0 ∈ a0¯ satisfy the following conditions:
Ba(D(a), b) = Ba(a,D(b)) for any a, b ∈ a;(20)
D2 = ada0 ;(21)
D(a0) = 0.(22)
Then there exists a NIS-Lie superalgebra structure on g := K ⊕a⊕K ∗, where K := Span{x}
and x odd, defined as follows. The squaring is given by
sg(rx+ a+ tx
∗) := sa(a) + t
2a0 + tD(a) for any rx+ a+ tx
∗ ∈ g1¯.
The bracket is given by:
[x, g]g := 0; [a, b]g := [a, b]a +Ba(D(a), b)x for any a, b ∈ a;
[x∗, a]g := D(a) for any a ∈ a.
The bilinear form Bg on g defined by:
Bg|a×a := Ba, Bg(a,K ) := 0, Bg(a,K ∗) := 0,
Bg(x, x
∗) := 1, Bg(x, x) := Bg(x
∗, x∗) := 0.
is even, non-degenerate, symmetric and invariant on (g, [·, ·]g, sg).
Therefore (g, Bg) is a NIS-Lie superalgebra.
We call the NIS-Lie superalgebra (g, Bg) constructed in Theorem 3.2.1 a D1¯-extension of
(a, Ba) by means of D and a0.
Proof. The proof is similar to that of Theorem 3.1.1. Let us first show that sg is indeed a
squaring on g. Recall that since K and K ∗ are odd vector spaces, then g1¯ = K ⊕a1¯⊕K ∗.
Now, let λ ∈ K and f = rx+ a+ tx∗ ∈ g1¯; we have
sg(λf) = sa(λa) + (λt)
2a0 + tλD(λa) = λ
2sa(a) + λ
2t2a0 + tλ
2D(a) = λ2sg(f),
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since sa is a squaring on a and D is a linear map. Besides, for any f = rx + a + tx
∗ and
g = ux+ b+ vx∗ in a1¯, we see that
(23)
sg(f + g) + sg(f) + sg(g) = sa(a+ b) + (t + v)
2a0 + (t+ v)D(a+ b)
+sa(a) + t
2a0 + tD(a) + sa(b) + v
2a0 + vD(b)
= [a, b]a + vD(a) + tD(b)
is obviously bilinear since it is expressed in terms of two bilinear maps. Let us show that
the bracket on g defined above is supersymmetric. Indeed, using condition (20), for any
f = rx+ a + tx∗ and g = r˜x+ b+ t˜x∗ in g, we have
[f, g]g = Ba(D(a), b)x+ [a, b]a + tD(b) + t˜D(a)
= Ba(D(b), a)x+ [b, a]a + tD(b) + t˜D(a)
= [g, f ]g.
Let us check the Jacobi identity relative to the squaring sg. Let f = rx+a+ tx
∗ ∈ g1¯ and
g ∈ g. If g = x, then we are done since x is central. If g = x∗, we have
[sg(f), g]g + [f, [f, g]g]g = [sa(a) + t
2a0 + tD(a), x
∗]g + [f,D(a)]g
= D(sa(a) + t
2a0 + tD(a))
+Ba(D(a), D(a))x+ [a,D(a)]a + tD(D(a)) = 0,
since D ∈ der(a), condition (22) holds and Ba(D(a), D(a)) = 0. Indeed, using conditions
(21) and (22) of Theorem 3.2.1, we have
Ba(D(a), D(a)) = Ba(a,D
2(a)) = Ba(a, [a0, a]) = Ba(a0, [a, a]) = 0.
If g = b ∈ a1¯, then we have
[sg(f), g]g + [f, [f, g]g]g = [sa(a) + t
2a0 + tD(a), b]g + [f, [f, g]g]g
= Ba(D(sa(a) + t
2a0 + tD(a)), b)x+ [sa(a) + t
2a0 + tD(a), b]a
+Ba(D(a), [f, g]g)x+ [a, [f, g]g]a + tD([f, g]g)
= Ba([Da, a] + tD
2(a), b)x+ [sa(a), b]a + t
2[a0, b]a + t[D(a), b]a
+Ba(D(a), [a, b]a + tD(b))x+ [a, [a, b]a + tD(b)]a
+tD([a, b]a + tD(b))
= Ba([Da, a] + tD
2(a), b)x+Ba(D(a), [a, b]a + tD(b))x
+t2[a0, b]a + t
2D2(b) + [sa(a), b]a + [a, [a, b]a]a
+[a, tD(b)]a + tD([a, b]a) + t[D(a), b]a = 0,
since sa is a squaring, D is a derivation, Ba is a-invariant and D
2 = ada0 .
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Now, if g = b ∈ a0¯, we have
[sg(f), g]g + [f, [f, g]g]g = [sa(a) + t
2a0 + tD(a), b]g
+[f, Ba(D(a), b)x+ [a, b]a + tD(b)]g
= Ba(D(sa(a) + t
2a0 + tD(a)), b)x+ [sa(a) + t
2a0 + tD(a), b]a
+Ba(D(a), [a, b]a + tD(b)))x
+[a, Ba(D(a), b)x+ [a, b]a + tD(b)]a + tD([a, b]a + tD(b))
= Ba([Da, a]a + t ada0(a)), b)x+ [sa(a) + t
2a0 + tD(a), b]a
+Ba(D(a), [a, b]a + tD(b)))x
+[a, [a, b]a]a + [a, tD(b)] + tD([a, b]a + tD(b))
= Ba([Da, a]a + t ada0(a)), b)x+Ba(D(a), [a, b]a + tD(b)))x
+t2[a0, b]a + t
2D2(a) + [a, [a, b]a]a + [sa(a), b]a
+t[a,D(b)] + t[D(a), b] + tD([a, b]a) = 0,
since D is a derivation, sa is a squaring, Ba is a-invariant and D
2 = ada0 .
To check the Jacobi identity
[h, [f, g]g]g + [g, [h, f ]g]g + [f, [g, h]g]g = 0,
we proceed as follows.
If h = x, the identity
[x, [f, g]g]g + [g, [x, f ]g]g + [f, [g, x]g]g = 0
is certainly satisfied since x is central.
If h = x∗, the identity
[x∗, [f, g]g]g + [g, [x
∗, f ]g]g + [f, [g, x
∗]g]g = 0
is also satisfied for the following reasons. If either f or g is x, then we are done since x is
central. Now if f = x∗ (or the way around g = x∗), then by putting g = ux+ b+ vx∗ we get
[x∗, [x∗, g]g]g + [g, [x
∗, x∗]g]g + [x
∗, [g, x∗]g]g = 2D(D(b)) = 0.
Let us assume now that f, g ∈ a. We see that if f is even and g is odd, then
[x∗, [f, g]g]g + [g, [x
∗, f ]g]g + [f, [g, x
∗]g]g = [x
∗, Ba(D(f), g)x+ [f, g]a]g + [g,D(f)]g
+[f,D(g)]g
= D([f, g]a) + [g,D(f)]a +Ba(D(f), D(g))x
+[f,D(g)]a = 0,
since D ∈ der(a) and Ba(D(f), D(g)) = 0 as Ba is even. If f and g are both even, we deduce,
using the fact that Ba is symmetric, that
[x∗, [f, g]g]g + [g, [x
∗, f ]g]g + [f, [g, x
∗]g]g = [x
∗, Ba(D(f), g)x+ [f, g]a]g + [g,D(f)]g
+[f,D(g)]g
= D([f, g]a) +Ba(D(g), D(f))x+ [g,D(f)]a
+Ba(D(f), D(g))x+ [f,D(g)]a = 0.
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Besides, if f, g ∈ a1¯, then
[x∗, [f, g]g]g + [g, [x
∗, f ]g]g + [f, [g, x
∗]g]g = [x
∗, [f, g]a]g + [g,D(f)]g + [f,D(g)]g
= D[f, g]a + [g,D(f)]a + [f,D(g)]a = 0,
since D ∈ der(a).
From now and on we will assume that f, g, h ∈ a. We distinguish several cases to check
the Jacobi identity.
If f, g and h are even, then we have
[f, [g, h]g]g+ 	 (f, g, h) = [f, Ba(D(g), h)x+ [g, h]a]g+ 	 (a, b, c)
= [f, [g, h]a]a +Ba(D(f), [g, h]a)x+ 	 (a, b, c) = 0,
because the JI holds on a and Lemma 3.1.2. If f and g are both odd but h is even, then
[f, [g, h]g]g + [h, [f, g]g]g + [g, [h, f ]g]g = [f, Ba(D(g), h)x+ [g, h]a]g + [h, [f, g]a]g
+[g, Ba(D(h), f)x+ [h, f ]a]g
= [f, [g, h]a]a +Ba(D(h), [f, g]a)x+ [h, [f, g]a]a
+Ba(D(g), [h, f ]a)x+ [g, [h, f ]a]a = 0,
because the Jacobi identity holds on a and Ba(D(h), [f, g]a) = Ba(D(g), [h, f ]a) = 0 as Ba is
even.
If f is odd and both g and h are even, using Lemma 3.1.2 we have
[f, [g, h]g]g + [h, [f, g]g]g + [g, [h, f ]g]g = [f, Ba(D(g), h)x+ [g, h]a]g + [h,Ba(D(f), g)x+ [f, g]a]g
+[g, Ba(D(h), f)x+ [h, f ]a]g
= [f, [g, h]a]a + [h, [f, g]a]a + [g, [h, f ]a]a,
+Ba(D(f), [g, h]a)x+Ba(D(h), [f, g]a)x
+Ba(D(g), [h, f ]a)x = 0.
Let us show now that Bg is invariant. We should check that
Bg([f, g]g, h) = Bg(f, [g, h]g) for any f, g, h ∈ g.
This is true if f = x because x is central and by the very definition of Bg. If f = x
∗,
g = ux+ b + vx∗ and h = wx+ c + zx∗ (where g and h are both odd), using Eq. (23) and
the fact that Ba is even we have
Bg([f, g]g, h) = Bg(D(b), wx+ c+ zx
∗)
= Ba(D(b), c) = 0.
On the other hand,
Bg(f, [g, h]g) = Bg(x
∗, [b, c]a + zD(b) + vD(c)) = 0.
If f = x∗, g = ux+ b+ vx∗ is odd and h is even, we have
Bg([f, g]g, h) = Ba(D(b), h).
On the other hand,
Bg(f, [g, h]g) = Bg(x
∗, Ba(D(b), h)x+ [b, h]a + vD(h))
= Ba(D(b), h).
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If f = x∗, but g and h are both even, we have Bg([f, g]g, h) = Ba(D(g), h). On the other
hand,
Bg(f, [g, h]g) = Bg(x
∗, Ba(D(g), h)x+ [g, h]a)
= Ba(D(g), h).
If f, g, h ∈ a, the invariance property of Bg directly follows from that of Ba. 
We define the cone
C (g, Bg) := {x ∈ g1¯ | Bg(sg(x), sg(t)) = 0 for any t ∈ g1¯}.
Clearly, if x ∈ C (g, Bg), then λx ∈ C (g, Bg) for any λ ∈ K, hence the terminology.
3.2.2. Theorem. Let (g, Bg) be a NIS-Lie superalgebra in characteristic 2. Let us suppose
z(g)1¯ ∩ C (g, B) 6= {0}. Then (g, Bg) is obtained as a D0¯-extension or a D1¯-extension from
a NIS-Lie superalgebra (a, Ba) of dimension dim(g)− 2.
Proof. Let x ∈ zs(g)1¯ ∩ C (g, Bg). We assume that sg(x) = 0; otherwise, sg(x) will be a
non-zero element of zs(g) and hence a D0¯-extension can be constructed by means of this
element following the steps of Theorem 3.1.3.
Now, the subspace K := Span{x} is an ideal in (g, [·, ·]g, sg) because x is central and
sa(x) = 0. Moreover, the subspace K
⊥ is also an ideal containing K . Indeed, let us first
show that (K ⊥)0¯ = g0¯. This is true because x is orthogonal to any even element since Bg
is even. Now let f ∈ (K ⊥)1¯. It follows that Bg(x, sg(f)) = 0 since x ∈ zs(g)1¯. Hence,
sg(f) ∈ K ⊥. On the other hand, if f ∈ K ⊥ and g ∈ g, then [f, g]g ∈ K ⊥ because
Bg(x, [f, g]g) = Bg([x, f ]g, g) = Bg(0, g) = 0.
Same arguments as in Theorem 3.1.3 can be used to construct the ideal a = (K ⊕K ∗)⊥,
and a decomposition g = K ⊕ a⊕K ∗, where the generator x∗ of K ∗ can be normalized so
that Bg(x, x
∗) = 1.
Let us define a bilinear from on a by setting:
Ba := Bg|a×a.
The form Ba is non-degenerate on a. Indeed, suppose there exists an a ∈ a such that
Ba(a, f) = 0 for any f ∈ a. But a is also orthogonal to x and to x∗. It follows that
Ba(a, f) = 0 for any f ∈ g. Hence, a = 0.
Let a, b ∈ a. Since a is an ideal, it follows that the bracket [a, b]g ∈ K ⊕ a because
a ⊂ K ⊥⊕ a and the latter is an ideal. The same arguments as those used in Theorem 3.1.3
yield
[x∗, a]g = D(a),
[a, b]g = Bg(D(a), b)x+ ψ(a, b),
where D(a) and ψ(a, b) are both in a. Now, let f ∈ g1¯. It follows that sg(f) ∈ a since
g0¯ = a0¯. Let us then write sg(x
∗) = a0. The fact that [sg(x
∗), a]g = [x
∗, [x∗, a]g]g for any
a ∈ a implies Bg(D(a0), a)x+ [a0, a]a = D2(a). Therefore,
D2 = ada0 , and Ba(D(a0), a) = 0.
Besides, [sg(x
∗), x∗] = 0 implies that D(a0) = 0.
Similarly, [sg(a), x
∗]g = D(sg(a)) implies that [a, [a, x
∗]g]g = D(sg(a)) which, in turn,
implies
D(sg(a)) = Bg(D(a), D(a))x+ [a,D(a)]a.
But
Bg(D(a), D(a)) = Bg(a,D
2(a)) = Bg(a, [a0, a]) = 0,
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hence D(sg(a)) = [a,D(a)]a. The arguments used in Theorem 3.2.1 show that
D([a, b]a) = [D(a), b]a + [a,D(b)]a,
and hence D ∈ der(a).
Now, we shall prove that the new defined bilinear form Ba := Bg|a×a is also invariant on
(a, [·, ·]a, sa, Ba). Indeed, for any a, b and c in a (at least two of them even), we have
Ba(a, [b, c]a) = Bg(a, [b, c]g +Ba(D(b), c)x)
= Bg(a, [b, c]g)
= Bg([a, b]g, c)
= Bg([a, b]a +Ba(D(a), b)x, c)
= Bg([a, b]a, c)
= Ba([a, b]a, c).
Now, for any a, b and c in a (where a and b are odd and c is even), we have
Ba(a, [b, c]a) = Bg(a, [b, c]g +Ba(D(b), c)x)
= Bg(a, [b, c]g)
= Bg([a, b]g, c)
= Bg([a, b]a, c)
= Ba([a, b]a, c).
Similarly, one can prove that the invariance property is satisfied when a, b and c are all odd.
The proof is complete now. 
3.3. Isometries, and equivalence classes of derivations. For a NIS-Lie superalgebra
a with a bilinear form Ba, denote by g (resp. g˜) the double extension of a by means of a
derivation D (resp. D˜). In the case of D0¯-extensions, g (resp. g˜) is also defined by means
of a quadratic form α (resp. α˜). An isometry between g and g˜ is an isomorphism pi : g→ g˜
such that:
pi([f, g]g) = [pi(f), pi(g)]g˜, for any f ∈ g0¯ and f ∈ g,
pi(sg(f)) = sg˜(pi(f)), for any f ∈ g1¯,
Bg˜(pi(f), pi(g)) = Bg(f, g), for any f, g ∈ g.
We will investigate how the derivations D and D˜ are related with each other when g and
g˜ are isometric. We will assume further that the isometry satisfies pi(K ⊕ a) = K˜ ⊕ a, and
call it an adapted isometry. Hereafter, K = Span{x}, K ∗ = Span{x∗}, K˜ = Span{x˜}, and
K˜ ∗ = Span{x˜∗}.
3.4. The D0¯ case. Let pr : K˜ ⊕ a→ a be the projection, and pi0 := pr ◦pi. The map pi0 is
obviously linear. Let a ∈ a0¯. Since pi(a)−pi0(a) ∈ Ker(pr), it follows that pi(a)+pi0(a) ∈ K˜ .
Since Ba is nondegenerate, there exists a unique tπ ∈ a (depending only in pi) such that
pi(a) + pi0(a) = Ba(tπ, a)x˜ for any a ∈ a0¯.
Let now a ∈ a1¯. Since pi(a) ∈ a, it follows that pi(a) = pi0(a).
Besides, pi(x) = λx˜ for some λ ∈ K. Indeed, let us write pi(x) = λx˜+ a, where a ∈ a. We
have (for any b even)
0 = Bg(x, b) = Bg˜(pi(x), pi(b)) = Bg˜(λx˜+ a, pi0(b) +Ba(tπ, b)x˜) = Ba(a, pi0(b)).
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We have (for any b odd)
0 = Bg(x, b) = Bg˜(pi(x), pi(b)) = Bg˜(λx˜+ a, pi0(b)) = Ba(a, pi0(b)).
Since pi0 is surjective and Ba is nondegenerate, it follows that a = 0. Let us show that pi0
preserves Ba. Indeed, for any a, b ∈ a0¯, we have
Ba(a, b) = Bg˜(pi(a), pi(b))
= Bg˜(pi0(a) +Ba(tπ, a)x˜, pi0(b) +Ba(tπ, b)x˜)
= Bg˜(pi0(a), pi0(b))
= Ba(pi0(a), pi0(b)).
The same arguments can be used if a and b are both odd (or one of them is odd).
Let us study the squaring. Let a ∈ g1¯ = a1¯. We have
pi(sg(a)) = pi(sa(a) + α(a)x) = pi0(sa(a)) +Ba(tπ, sa(a))x˜+ α(a)λx˜.
On the other hand,
sg˜(pi(a)) = sg˜(pi0(a)) = sa(pi0(a)) + α˜(pi0(a))x˜.
It follows that (for any a odd)
α˜(pi0(a)) + λα(a) +Ba(tπ, sa(a)) = 0, and
pi0(sa(a)) = sa(pi0(a)).(24)
We need the following Lemma:
3.5. Lemma. If
(25) α˜ ◦ pi0 + λα +Ba(tπ, sa(·)) = 0,
then pi−10 D˜pi0 + λD + adtpi = 0.
Proof. Let a, b ∈ a1¯. Evaluating Eq. (25) at a + b, at a, and at b, and taking the sum of
evaluations we get
Bα˜(pi0(a), pi0(b)) + λBα(a, b) +Ba(tπ, [a, b]a) = 0.
Using the fact that Bα(a, b) = Ba(D(a), b) and Bα˜(pi0(a), pi0(b)) = Ba(D˜(pi0(a)), pi0(b)) we
get
Ba(D˜(pi0(a)), pi0(b)) + λBa(D(a), b) +Ba([tπ, a], b) = 0.
On the other hand, Ba(pi
−1
0 D˜(pi0(a)) + λD(a) + [tπ, a], c) = 0, for any even element c, since
Ba is even. The result follows since Ba is nondegenerate. 
Now, the fact that
pi([a, b]g) = [pi(a), pi(b)]g˜ for any a, b ∈ a0¯,
implies that
pi0([a, b]a) +Ba(D(a), b)pi(x˜) +Ba(tπ, [a, b]a)x˜ = [pi0(a), pi0(b)]a +Ba(D˜(pi0(a)), pi0(b))x˜,
since x is central in g. It follows that
λBa(D(a), b) +Ba([tπ, a]a, b) +Ba(pi
−1
0 Dpi0(a), b) = 0, and
pi0([a, b]a) = [pi0(a), pi0(b)]a(26)
which implies that pi−10 D˜pi0 + λD + adtpi = 0.
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For all a even and b odd, we have pi([a, b]g) = pi([a, b]a) = pi0([a, b]a). On the other hand,
[pi(a), pi(b)]g˜ = [pi0(a) +Ba(tπ, a)x˜, pi0(b)]g˜ = [pi0(a), pi0(b)]g˜ = [pi0(a), pi0(b)]a.
It follows that
(27) pi0([a, b]a) = [pi0(a), pi0(b)]a.
For all a and b odd, we have
pi([a, b]g) = pi([a, b]a +Bα(a, b)x) = pi([a, b]a) + λBα(a, b)x˜
= pi0([a, b]a) +Ba(tπ, [a, b]a)x˜+ λBα(a, b)x˜
= pi0([a, b]a) +Ba(tπ, [a, b]a)x˜+ λBa(D(a), b)x˜.
On the other hand,
[pi(a), pi(b)]g˜ = [pi0(a), pi0(b)]a +Bα˜(pi0(a), pi0(b))x˜ = [pi0(a), pi0(b)]a +Ba(D˜(pi0(a)), pi0(b))x˜.
It follows that
(28) [pi0(a), pi0(b)]a = pi([a, b]a),
and
Ba(D˜(pi0(a)), pi0(b)) = Ba(tπ, [a, b]a) + λBa(D(a), b).
This condition results from Lemma 3.5.
Now, Eqs, (24), (26), (27) and (28) imply that pi0 is an automorphism on a.
Let us describe pi(x∗) now. We write pi(x∗) as µx˜∗ + a + νx˜ for some a ∈ a0¯. We have
1 = Bg˜(pi(x
∗), pi(x)) = Bg˜(µx˜
∗ + a + νx˜, λx˜) = λµ.
Therefore µ = λ−1. Besides,
Bg(x
∗, x∗) = Bg˜(pi(x
∗), pi(x∗)) = Bg˜(µx˜
∗ + a+ νx˜, µx˜∗ + a+ νx˜)
= µ2Bg˜(x˜
∗, x˜∗) +Ba(a, a).
Therefore, Bg(x
∗, x∗) = Ba(a, a) + µ
2Bg(x˜
∗, x˜∗). Besides, for any b ∈ a0¯, we have
0 = Bg˜(pi(x
∗), pi(b)) = Bg˜(µx˜
∗ + a+ νx˜, pi0(b) +Ba(tπ, b)x˜) = µBa(tπ, b) +Ba(a, pi0(b)).
Since Ba is even and non-degenerate, it follows that µtπ + pi
−1
0 (a) = 0 which implies that
a = µpi0(tπ). Finally, we get
pi(x∗) = λ−1(x˜∗ + pi0(tπ)) + νx˜.
We arrive at the following Theorem.
3.5.1. Theorem. Let pi0¯ be an isometry of (a, Ba). Let λ ∈ K× and let t ∈ a0¯, satisfying
the following conditions:
α˜ = λα ◦ pi−10 +Ba(t, sa ◦ pi−10 ) on a1¯;(29)
pi−10 D˜pi0 = λD + adt on a0¯;(30)
Bg(x
∗, x∗) = λ−2(Ba(t, t) +Bg(x˜
∗, x˜∗)).(31)
Then there exists an adapted isometry pi : K ⊕ a⊕K ∗ → K˜ ⊕ a⊕ K˜ ∗ given by
pi = pi0 +Ba(t, ·)x˜ on a;
pi(x) = λx˜;
pi(x∗) = λ−1(x˜∗ + pi0(t)) + νx˜, where ν is arbitrary.
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Proof. To check that pi preserves the Lie bracket, it is enough to check the conditions below.
For every a even, we have
pi([x∗, a]g) = pi(D(a)) = pi0(D(a)) +Ba(t, D(a))x˜.
On the other hand,
[pi(x∗), pi(a)]g˜ = [λ
−1x˜∗ + λ−1pi0(t) + νx˜, pi0(a) +Ba(t, a)x˜]g˜
= λ−1D˜(pi0(a)) + [λ
−1pi0(t), pi0(a)]a +Ba(D˜(λ
−1pi0(t)), pi0(a))x˜
= λ−1pi0(λD(a) + [t, a]) + λ
−1pi0([t, a]a) + λ
−1Ba(D˜(pi0(t)), pi0(a))x˜
= λ−1pi0(λD(a) + [t, a]) + λ
−1pi0([t, a]a) + λ
−1Ba(pi0(t), D˜(pi0(a)))x˜
= pi0(D(a)) + λ
−1Ba(pi0(t), pi0(λD(a) + [t, a]))x˜
= pi0(D(a)) +Ba(t, D(a))x˜.
For every a odd, we have
pi([x∗, a]g) = pi(D(a)) = pi0(D(a)).
On the other hand,
[pi(x∗), pi(a)]g˜ = [λ
−1x˜∗ + λ−1pi0(t) + νx˜, pi0(a)]g˜
= λ−1D˜(pi0(a)) + [λ
−1pi0(t), pi0(a)]a
= λ−1pi0(λD(a) + [t, a]) + λ
−1pi0([tπ, a]a)
= λ−1pi0(λD(a)) + λ
−1pi0([t, a]a) + λ
−1pi0([t, a]a)
= pi0(D(a)).
Besides, pi([x∗, x]g) = 0 = [pi(x
∗), pi(x)]g˜. Similarly, pi([a, x]g) = [pi(a), pi(x)]g˜ = 0. Let us
show that pi preserves Bg. We have Bg(a, x
∗) = 0 and
Bg˜(pi(x
∗), pi(a)) = Bg˜(λ
−1x˜∗ + λ−1pi0(t) + νx˜, pi0(a) +Ba(t, a)x˜)
= λ−1Ba(t, a) +Ba(λ
−1pi0(t), pi0(a))
= 2λ−1Ba(t, a) = 0.
The remaining conditions follow from the computations preceding Theorem 3.5.1.

3.5.2. Remark. Condition (29) implies that condition (30) also holds on a1¯.
3.5.3. Corollary. Two even derivations D and D′ that satisfy conditions (15) and (16),
and are cohomologous, i.e., [D] = [D′] in H10¯(a; a), define the same even double extension up
to an isometry.
Proof. Since [D] = [D′] in H10¯(a; a), it follows that D = λD
′ + adt for some λ ∈ K and some
t ∈ a0¯. We define pi0 = id and
α′ = λα +Ba(t, sa) on a1¯;
Bg(x
∗, x∗) = λ−2(Ba(t, t) +Bg(x˜
∗, x˜∗)).
The proof follows from Theorem 3.5.1. 
3.5.4. Remark. The converse of the Corollary 3.5.3 is not necessarily true, see § 5.
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3.6. The D1¯ case.
Using the same arguments as before, we deduce the following. For every a ∈ a0¯, we have
pi(a) = pi0(a). Now let a ∈ a1¯. There exists an element tπ ∈ a1¯ such that
pi(a) = pi0(a) +B(tπ, a)x˜.
Besides, pi(x) = λx˜ for some λ in K. Indeed, let us write pi(x) = λx˜+ a, where a ∈ a1¯. We
have (for any b odd)
0 = Bg(x, b) = Bg˜(pi(x), pi(b)) = Bg˜(λx˜+ a, pi0(b) +Ba(tπ, b)x˜) = Ba(a, pi0(b)).
We have (for any b even)
0 = Bg(x, b) = Bg˜(pi(x), pi(b)) = Bg˜(λx˜+ a, pi0(b)) = Ba(a, pi0(b)).
Since pi0 is surjective and Ba is nondegenerate, it follows that a = 0. Let us show that pi0
preserves Ba. Indeed, for any a and b odd we have
Ba(a, b) = Bg˜(pi(a), pi(b))
= Bg˜(pi0(a) +Ba(tπ, a)x˜, pi0(b) +Ba(tπ, b)x˜)
= Bg˜(pi0(a), pi0(b))
= Ba(pi0(a), pi0(b)).
The same arguments can be used if a and b are both even (or one of them is odd).
Let us show that pi0 is an isometry on (a, [·, ·], sa, Ba). For any a, b ∈ a1¯, we have
pi([a, b]g) = pi0([a, b]g) = pi0([a, b]a).
On the other hand,
[pi(a), pi(b)]g˜ = [pi0(a) +Ba(tπ, a)x˜, pi0(b) +Ba(tπ, b)x˜]g˜ = [pi0(a), pi0(b)]g˜ = [pi0(a), pi0(b)]a.
It follows that
(32) pi0([a, b]g) = [pi0(a), pi0(b)]g˜.
For any a, b ∈ a0¯, we have
pi([a, b]g) = pi0([a, b]g) = pi0([a, b]a).
On the other hand,
[pi(a), pi(b)]g˜ = [pi0(a), pi0(b)]g˜ = [pi0(a), pi0(b)]a.
Let a be even and b be odd (or vice versa), we get
pi([a, b]g) = pi([a, b]a) + λBa(D(a), b)x˜ = pi0([a, b]a) +Ba(tπ, [a, b]a)x˜+ λBa(D(a), b)x˜,
and
[pi(a), pi(b)]g˜ = [pi0(a), pi0(b)+Ba(tπ, b)x]g˜ = [pi0(a), pi0(b)]g˜ = [pi0(a), pi0(b)]a+Ba(D˜(pi0(a)), pi0(b))x˜.
It follows that
Ba(pi
−1
0 D˜(pi0(a)), b) = Ba([tπ, a], b]a) + λBa(D(a), b).
Since Ba is even, then
Ba(pi
−1
0 D˜(pi0(a)), c) = Ba([tπ, a], c) + λBa(D(a), c) for any c in a.
Therefore
(33) pi−10 D˜(pi0(a)) = [tπ, a]a + λD(a) for any a ∈ a0¯.
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Let us study the squaring. Let us write pi(x∗) as µx˜∗ + a+ νx˜ for some a in a1¯. We have
pi(sg(x
∗)) = pi(a0) = pi0(a0). On the other hand,
sg˜(pi(x
∗)) = sg˜(µx˜
∗ + a + νx˜) = sa(a) + µD˜(a) + µ
2a˜0.
It follows that
(34) a˜0 = µ
−2(pi0(a0) + sa(a) + µD˜(a)).
Similarly, pi(sg(x)) = 0, and sg˜(pi(x)) = sg˜(λx˜) = 0.
Let us compute the most general case. We write f = rx+ c+ θx∗. We have
pi(sg(f)) = pi(sa(c) + θ
2a0 + θD(c)) = pi0(sa(c)) + θ
2(pi0(a0)) + θpi0(D(c)).
On the other hand,
sg˜(pi(f)) = sg˜(rpi(x) + pi(c) + θpi(x
∗)) = sg˜(rλx˜+ pi0(c) +Ba(tπ, c)x˜+ θ(µx˜
∗ + a+ νx˜))
= sg˜((rλ+Ba(tπ, c) + θν)x˜+ pi0(c) + θa + θµx˜
∗)
= sa(pi0(c) + θa) + (θµ)
2a˜0 + θµD˜(pi0(c) + θa)
Therefore
sa(pi0(c) + θa) + (θµ)
2a˜0 + θµD˜(pi0(c) + θa) = pi0(sa(c)) + θ
2(pi0(a0)) + θpi0(D(c)).
The equality above follows from Eqs. (34) and (35).
Because pi is an isometry, we have
1 = Bg˜(pi(x
∗), pi(x)) = Bg˜(µx˜
∗ + a + νx˜, λx˜) = λµ.
Therefore µ = λ−1. Besides, (if b is odd)
0 = Bg˜(pi(x
∗), pi(b)) = Bg˜(µx˜
∗ + a+ νx˜, pi0(b) +Ba(tπ, b)x˜) = µBa(tπ, b) +Ba(a, pi0(b)).
It follows that Ba(µtπ + pi
−1
0 a, b) = 0 and so
Ba(µtπ + pi
−1
0 a, c) = 0 for any c ∈ a.
Therefore, µtπ + pi
−1
0 (a) = 0 which implies that
(35) a = µpi0(tπ).
Finally, we get
pi(x∗) = λ−1(x˜∗ + pi0(tπ)) + νx˜.
We arrive at the following Theorem.
3.6.1. Theorem. Let pi0 be an isometry of (a, Ba). Let λ ∈ K× and t ∈ a1¯ satisfy the
following conditions:
pi−10 D˜pi0 = λD + adt on a.
Then there exists an adapted isometry pi : K ⊕ a⊕K ∗ → K˜ ⊕ a⊕ K˜ ∗, where K˜ and K˜ ∗
are spanned by x˜ and x˜∗, respectively, given by
pi =
{
pi0 +Ba(t, ·)x˜ on a1¯;
pi0 on a0¯;
pi(x) = λx˜;
pi(x∗) = λ−1(x˜∗ + pi0(t)) + νx˜, where ν is arbitrary;
a˜0 = λ
2pi0(a0) + sa(pi0(t)) + λpi0(D(t)).
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Proof. To check that pi preserves the Lie bracket, it is enough to check the conditions below.
For every even element a, we have
pi([x∗, a]g) = pi(D(a)) = pi0(D(a)) +Ba(t, D(a)).
On the other hand,
[pi(x∗), pi(a)]g˜ = [λ
−1x˜∗ + λ−1pi0(t) + νx˜, pi0(a) +Ba(t, a)x˜]g˜
= λ−1D˜(pi0(a)) + [λ
−1pi0(t), pi0(a)]a +Ba(D˜(λ
−1pi0(t)), pi0(a))x˜
= λ−1pi0(λD(a) + [t, a]) + λ
−1pi0([t, a]a) + λ
−1Ba(D˜(pi0(t)), pi0(a))x˜
= λ−1pi0(λD(a) + [t, a]) + λ
−1pi0([t, a]a) + λ
−1Ba(pi0(t), D˜(pi0(a)))x˜
= pi0(D(a)) + λ
−1Ba(pi0(t), pi0(λD(a) + [t, a]))x˜
= pi0(D(a)) +Ba(t, D(a))x˜.
For every odd element a, we have pi([x∗, a]g) = pi(D(a)) = pi0(D(a)). On the other hand,
[pi(x∗), pi(a)]g˜ = [λ
−1x˜∗ + λ−1pi0(tπ) + νx˜, pi0(a)]g˜
= λ−1D˜(pi0(a)) + [λ
−1pi0(tπ), pi0(a)]a
= λ−1pi0(λD(a) + [tπ, a]) + λ
−1pi0([tπ, a]a)
= λ−1pi0(λD(a)) + 2λ
−1pi0([tπ, a]a)
= pi0(D(a)).
Besides, since x is central in g and x˜ is central in g˜, we have pi([x∗, x]g) = [pi(x
∗), pi(x)]g˜ = 0.
Similarly, pi([a, x]g) = [pi(a), pi(x)]g˜ = 0.
Let us show that pi preserves Bg. For every element a in a, we have Bg(x
∗, a) = 0. If a is
odd, then we have
Bg˜(pi(x
∗), pi(a)) = Bg˜(λ
−1x˜∗ + λ−1pi0(tπ) + νx˜, pi0(a) +Ba(tπ, a)x˜)
= λ−1Ba(tπ, a) +Ba(λ
−1pi0(tπ), pi0(a))
= 0.
If a is even, then Bg˜(pi(x
∗), pi(a)) = 0.
The other conditions are certainly satisfied as shown by previous computations.
Suppose that D(a0) = 0. Let us show that D˜(a˜0) = 0. Indeed, let us apply pi
−1
0 to D˜(a˜0):
pi−10 D˜(a˜0) = pi
−1
0
(
D˜(λ2pi0(a0) + sa(pi0(t)) + λpi0D(t))
)
= λ2(D + adt)(a0) + (λD + adt)sa(t) + λ(λD + adt)D(t)
= λ2 adt(a0) + λD(sa(t)) + λ
2D2(t) + λ adtD(t)
= 2λ2 adt(a0) + 2λ adt(D(t)) = 0.
Let us show that D˜2 = ada˜0 . Indeed,
D˜2 = pi0(λD + adt)
2pi−10
= pi0(λ
2D2 + λD adt+λ adtD + ad
2
t )pi
−1
0
= pi0(λ
2 ada0 +λD adt+λ adtD + ad
2
t )pi
−1
0
= adλ2π0(a0)+adλπ0(D(t)) +2λpi0 ◦ adt ◦D ◦ pi−10 + adπ0(sa(t)) .
= ada˜0 .
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
3.6.2. Corollary. Two odd derivations D and D′ that satisfy conditions (20), (21) and
(22) and are cohomologous, i.e., [D] = [D′] in H11¯(a; a), define the same D1¯-extension up to
an isometry.
Proof. Since [D] = [D′] in H10¯(a; a), it follows that D = λD
′ + adt for some λ in K and some
element t in a0¯. We define pi0 = id. The result follows from Theorem 3.6.1. 
4. The case where Bg is odd
4.1. D1¯-extensions.
4.1.1. Theorem. Let (a, Ba) be a NIS-Lie superalgebra in characteristic 2 such that Ba is
odd. Let D ∈ der1¯(a) and a0 ∈ a0¯ satisfy the following conditions:
Ba(D(a), b) +Ba(a,D(b)) = 0 for any a, b ∈ a;(36)
Ba(a,D(a)) = 0 for any a ∈ a0¯;(37)
D2 = ada0 ;(38)
D(a0) = 0.(39)
Let α be a quadratic form on a1¯ such that Bα(a, b) = Ba(D(a), b). Then there exists a
NIS-Lie superalgebra structure on g := K ⊕ a ⊕ E , where K := Span{x} and x is even,
E := Span{e} and e is odd, defined as follows. The squaring is given by (where µ ∈ K):
sg(a+ µe) := sa(a) + (µ
2m+ α(a))x+ µ2a0 + µD(a) for any a+ µe ∈ g1¯.
The bracket is given by:
[x, g]g := 0; [a, b]g := [a, b]a +Ba(D(a), b)x for any a, b ∈ a;
[e, a]g := D(a) for any a ∈ a.
The bilinear form Bg on g defined by:
Bg|a×a := Ba, Bg(a,K ) := 0, Bg(a, E ) := 0,
Bg(x, e) := 1, Bg(x, x) := Bg(e, e) := 0,
is odd, non-degenerate, invariant, and symmetric. Therefore (g, Bg) is a NIS-Lie superalge-
bra.
We call the Lie superalgebra (g, Bg) constructed in Theorem 4.1.1 aD1¯-extension of (a, Ba)
by means of D and a0.
Proof. The proof is similar to that of Theorem 3.1.1. Let us first show that sg is indeed a
squaring on g. Recall that since E is an odd vector space, then g1¯ = a1¯⊕E . Now, let λ ∈ K
and let f = a+ µe ∈ g1¯; we have
sg(λf) = ((λµ)
2m+ α(λa))x+ sa(λa) + (λµ)
2a0 + µλD(λa) = λ
2sg(f),
since sa is a squaring on a and D is a linear map. Besides, for any f = a+µe and g = b+ ve
in a1¯, we see that
(40)
sg(f + g) + sg(f) + sg(g) = ((µ+ v)
2m+ α(a+ b))x+ sa(a+ b) + (µ+ v)
2a0
+(µ+ v)D(a+ b) + (µ2m+ α(a))x+ sa(a) + µ
2a0
+µD(a) + (v2m+ α(b))x+ sa(b) + v
2a0 + vD(b)
= Bα(a, b)x+ [a, b]a + vD(a) + µD(b)
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is obviously bilinear. Let us show that the bracket on g defined above is supersymmetric.
Indeed, using condition (36), for any f = rx+ a+ µe and g = r˜x+ b+ µ˜e in g, we have (if
a and b are not both odd):
[f, g]g = Ba(D(a), b)x+ [a, b]a + µD(b) + µ˜D(a)
= Ba(D(b), a)x+ [b, a]a + µD(b) + µ˜D(a)
= [g, f ]g.
We use (40) if a and b are both odd.
Let us check the Jacobi identity relative to the squaring sg. Let f = a + µe ∈ g1¯ and
g ∈ g. If g = x, then we are done since x is central. If g = e, we have
[sg(f), g]g + [f, [f, g]g]g = [(tm+ α(a))x+ sa(a) + µ
2a0 + tD(a), e]g + [f,D(a)]g
= D(sa(a) + µ
2a0 + µD(a))
+Bα(a,D(a))x+ [a,D(a)]a + µD(D(a)) = 0,
since D ∈ der(a), condition (39) holds and Ba(D(a), D(a)) = 0 since Ba is odd. If g = b ∈ a1¯,
then we have
[sg(f), g]g = [(µm+ α(a))x+ sa(a) + µ
2a0 + tD(a), b]g
= Ba(D(sa(a) + t
2a0 + µD(a)), b)x+ [sa(a) + µ
2a0 + µD(a), b]a
= Ba([Da, a]a + µD
2(a), b)x+ [sa(a), b]a + µ
2[a0, b]a + µ[D(a), b]a
= [a, [a, b]a]a + µ
2[a0, b]a + µ[D(a), b]a.
And
[f, [f, g]g]g = [f, Bα(a, b)x+ [a, b]a + µD(b)]g
= µD([a, b]a + µD(b)) +Ba(D(a), [a, b]a + µD(b))x+ [a, [a, b]a + µD(b)]a
= µD([a, b]a) + µ
2[a0, b] + µ[a,D(b)]a.
It follows that [sg(f), g]g + [f, [f, g]g]g = 0 since sa is a squaring, D is a derivation, Ba is
a-invariant and D2 = ada0 .
Now, if g = b ∈ a0¯, we have (since Ba(D(a), b) = 0):
[sg(f), g]g + [f, [f, g]g]g = [(tm+ α(a))x+ sa(a) + µ
2a0 + µD(a), b]g
+[f, [a, b]a + µD(b)]g
= Ba(D(sa(a) + µ
2a0 + tD(a)), b)x+ [sa(a) + µ
2a0 + µD(a), b]a
+Ba(D(a), [a, b]a + µD(b))x
+[a, [a, b]a + µD(b)]a + tD([a, b]a + µD(b))
= Ba([Da, a]a + µ ada0(a)), b)x+ [sa(a) + µ
2a0 + µD(a), b]a
+Ba(D(a), [a, b]a + µD(b)))x
+[a, [a, b]a]a + [a, µD(b)]a + µD([a, b]a + µD(b))
= Ba([Da, a]a + µ ada0(a)), b)x+Ba(D(a), [a, b]a + µD(b))x
+µ2[a0, b]a + µ
2D2(b) + [a, [a, b]a]a + [sa(a), b]a
+µ[a,D(b)]a + µ[D(a), b]a + µD([a, b]a) = 0,
since D is a derivation, sa is a squaring, Ba is a-invariant and D
2 = ada0 .
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To check the Jacobi identity
[h, [f, g]g]g + [g, [h, f ]g]g + [f, [g, h]g]g = 0,
we proceed as follows.
If h = x, the identity
[x, [f, g]g]g + [g, [x, f ]g]g + [f, [g, x]g]g = 0
is certainly satisfied since x is central.
If h = e, the identity
[e, [f, g]g]g + [g, [e, f ]g]g + [f, [g, e]g]g = 0
is also satisfied for the following reasons. If either f or g is equal to x, then we are done since
x is central. Now if f = e (or, the other way around g = e), then by putting g = ux+ b+ ve
we get
[e, [e, g]g]g + [g, [e, e]g]g + [e, [g, e]g]g = 2D(D(b)) = 0.
Let us assume now that f, g ∈ a. We see that if f is even and g is odd, then
[e, [f, g]g]g + [g, [e, f ]g]g + [f, [g, e]g]g = [e, Ba(D(f), g)x+ [f, g]a]g + [g,D(f)]g + [f,D(g)]g
= D([f, g]a) + [g,D(f)]a +Ba(D(g), D(f))x
+[f,D(g)]a +Ba(D(f), D(g))x = 0,
since D ∈ der(a) and Ba is symmetric. If f and g are both even, we deduce, using the fact
that Ba is symmetric, that
[e, [f, g]g]g + [g, [e, f ]g]g + [f, [g, e]g]g = [e, Ba(D(f), g)x+ [f, g]a]g + [g,D(f)]g + [f,D(g)]g
= D([f, g]a) +Ba(D(g), D(f))x+ [g,D(f)]a
+Ba(D(f), D(g))x+ [f,D(g)]a = 0.
Besides, if f, g ∈ a1¯, then
[e, [f, g]g]g + [g, [e, f ]g]g + [f, [g, e]g]g = [e, Bα(a, b)x+ [f, g]a]g + [g,D(f)]g + [f,D(g)]g
= D([f, g]a) + [g,D(f)]a + [f,D(g)]a = 0,
since D ∈ der(a).
From now and on we will assume that f, g, h ∈ a. We distinguish several cases to check
the Jacobi identity.
If f, g and h are even, then we have
[f, [g, h]g]g+ 	 (f, g, h) = [f, Ba(D(g), h)x+ [g, h]a]g+ 	 (f, g, h)
= [f, [g, h]a]a +Ba(D(f), [g, h]a)x+ 	 (f, g, h) = 0,
because the JI holds on a and thanks to Lemma 3.1.2. If f and g are both odd but h is even,
then we have
[f, [g, h]g]g + [h, [f, g]g]g + [g, [h, f ]g]g = [f, Ba(D(g), h)x+ [g, h]a]g + [h, [f, g]a +Bα(a, b)x]g
+[g, Ba(D(h), f)x+ [h, f ]a]g
= [f, [g, h]a]a +Bα(f, [g, h]a)x+ [h, [f, g]a]a
+Ba(D(h), [f, g]a)x+ [g, [h, f ]a]a +Ba(D(g), [h, f ]a)x.
= 0,
because the JI holds on a and D is a derivation.
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If f is odd and both g and h are even, and using Lemma 3.1.2 we have
[f, [g, h]g]g + [h, [f, g]g]g + [g, [h, f ]g]g = [f, Ba(D(g), h)x+ [g, h]a]g + [h,Ba(D(f), g)x+ [f, g]a]g
+[g, Ba(D(h), f)x+ [h, f ]a]g
= [f, [g, h]a]a + [h, [f, g]a]a + [g, [h, f ]a]a,
+Ba(D(f), [g, h]a)x+Ba(D(h), [f, g]a)x
+Ba(D(g), [h, f ]a)x = 0.
Let us show now that Bg is invariant. We should check that
Bg([f, g]g, h) = Bg(f, [g, h]g) for any f, g, h ∈ g.
This is true if f = x because x is central and by the very definition of Bg. If f = e, g = b+ve
and h = c+ ze (where g and h are both odd), using Eq. (40) and the fact that Ba is odd we
have
Bg([f, g]g, h) = Bg(D(b), c+ ze)
= Ba(D(b), c).
On the other hand, Bg(f, [g, h]g) = Bg(e, Bα(b, c)x+ [b, c]a + zD(b) + vD(c)) = Bα(b, c).
If f = e, g = b+ ve is odd and h = tx+ c is even, we have
Bg([f, g]g, h) = Bg(D(b), h) = Ba(D(b), c).
On the other hand,
Bg(f, [g, h]g) = Bg(e, Ba(D(b), c)x+ [b, c]a + vD(c))
= Ba(D(b), c).
If f = e, but g = tx+ b and h = ux+ c are both even, we have Bg([f, g]g, h) = Ba(D(b), c).
On the other hand,
Bg(f, [g, h]g) = Bg(e, Ba(D(b), c)x+ [b, c]a)
= Ba(D(b), c).
If f, g, h ∈ a, the invariance property of Bg directly follows from that of Ba. 
4.1.2. Proposition. Let (g, Bg) be an irreducible NIS-Lie superalgebra, where Bg is odd.
Suppose that z(g)0¯ 6= {0}. Then (g, Bg) is obtained as a D1¯-extension of a NIS-Lie superal-
gebra a.
Proof. Let x be a non-zero element in z(g)0¯. The subspace K := Span{x} is an ideal in
(g, Bg) because x is central in g. Moreover, K
⊥ is also an ideal in (g, Bg). Indeed, let us
show first that (K ⊥)0¯ = g0¯. This is true because x is orthogonal to any even element since
Bg is odd. Now let f ∈ (K ⊥)1¯. It follows that Bg(x, sg(f)) = 0 since Bg is odd. Hence
sg(f) ∈ K ⊥. On the other hand, if f ∈ K ⊥ and g ∈ g, then [f, g]g ∈ K ⊥ because
Bg(x, [f, g]g) = Bg([x, f ]g, g) = Bg(0, g) = 0.
Since K is 1-dimensional, then either K ∩K ⊥ = {0} or K ∩K ⊥ = K . The first case
is to be disregarded because otherwise g = K ⊕ K ⊥ and the Lie superalgebra g is not
irreducible. Hence, K ∩K ⊥ = K . It follows that K ⊂ K ⊥ and dim(K ⊥) = dim(g)− 1.
Therefore, there exists e ∈ g1¯ such that
g = K ⊥ ⊕ E , where E := Span{e}.
This e can be normalized to have Bg(x, e) = 1. Besides, Bg(x, x) = 0 since K ∩K ⊥ = K .
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Let us define a := (K + E )⊥. We then have a decomposition g = K ⊕ a⊕ E .
Let us define a bilinear form on a by setting:
Ba = Bg|a×a.
The form Ba is non-degenerate on a. Indeed, suppose there exists an a ∈ a such that
Ba(a, f) = 0 for any f ∈ a.
But a is also orthogonal to x and e. It follows that Bg(a, f) = 0 for any f ∈ g. Hence, a = 0,
since Bg is nondegenerate.
Let us show now that there exists a NIS-Lie superalgebra structure on the vector space
a for which g is its double extension. Let a, b ∈ a. The bracket [a, b]g belongs to K ⊕ a
because a ⊂ K ⊥ = K ⊕ a and the latter is an ideal. It follows that
[a, b]g = φ(a, b)x+ ψ(a, b),
[a, e]g = f(a)x+D(a), for any a ∈ a0¯,
where ψ(a, b), D(a) ∈ a, and φ(a, b), f(a) ∈ K. Let us show that φ(a, b) = Bg(a,D(b)).
Indeed, since Bg([a, b]g, e) = Bg(a, [b, e]g), it follows that
Bg(φ(a, b)x+ ψ(a, b), e) = Bg(a, f(b)x+D(b)).
Using the fact that ψ(a, b) is orthogonal to e, and a is also orthogonal to x, and the fact that
Bg(x, e) = 1, we get φ(a, b) = Bg(a,D(b)). The antisymmetry of the bracket [·, ·]g implies
the antisymmery of the map φ(a, b) which, in turn, implies that
Bg(a,D(b)) = Bg(D(a), b) for any a, b ∈ a.
Similarly,
0 = Bg([e, e]g, a) = Bg(e, [e, a]g) = Bg(e, f(a)x+D(a)) = f(a) for any a ∈ a0¯.
This implies that f(a) = 0 for any a ∈ a0¯.
Now let f ∈ g1¯. It follows that sg(f) is in a ⊕K since g0¯ = a0¯ ⊕K . Let us then write
sg(e) = a0 + ux. It follows that sg(te) = t
2(a0 + ux). The fact that [sg(e), a]g = [e, [e, a]g]g
for any a ∈ a0¯, implies that Bg(D(a0), a)x+ [a0, a]a = D2(a). Therefore,
D2|a0¯
= ada0 , and Bg(D(a0), a) = 0.
Besides, [sg(e), e]g = 0 implies that D(a0) = 0. Let us now describe a squaring on a. Since
a ⊂ K ⊥, then sg(a) ∈ (K ⊥)0¯ = K ⊕ a0¯, for any a ∈ a1¯. It follows then that
sg(a) = α(a)x+ sa(a).
Now, because sg is a squaring on g, it follows that α is a quadratic form on a1¯ and sa behaves
as a squaring on a. Now, the squaring on g take the form
sg(a+ te) = α(a, te)x+ f(a, te),
where α(a, te) ∈ K and f(a, te) ∈ a. Since
0 = Bg([e, te]g, a) = Bg(e, [te, a]g),
it follows that
0 = Bg(e, α(a, te)x+ f(a, te) + α(a)x+ sa(a) + t
2(a0 + ux)) = α(a, te) + α(a) + t
2u.
Therefore, α(a, te) = α(a)+t2u. On the other hand, the fact thatBg(te, [a, b]g) = Bg([te, a]g, b),
it follows that
Bα(a, b) = Bg(f(a, te) + sa(a) + t
2a0 + tD(a), b), for any a, b ∈ a1¯.
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Later on, we will show that Bα(a, b) = Bα(D(a), b) and that would imply that
f(a, te) = sa(a) + t
2a0 + tD(a),
since Bg is non-degenerate and odd. Therefore,
(41) sg(a+ te) = (α(a) + t
2u)x+ tD(a) + sa(a).
The map ψ is a bilinear on a because [·, ·]g is bilinear, so for convenience let us re-denote
ψ by [·, ·]a.
For any a, b, c ∈ a, we have
0 = [[a, b]g, c]g+ 	 (a, b, c)
= [[a, b]a +Ba(D(a), b)x, c]g+ 	 (a, b, c)
= [[a, b]a, c]a +Bg(D[a, b]a, c)x+ 	 (a, b, c).
This implies that the JI for the bracket [·, ·]a is satisfied and
Bg(c,D([a, b]a) + [a,D(b)]a + [D(a), b]a) = 0 for any a, b, c ∈ a.
Since Bg is also non-degenerate on a, it follows that D([a, b]a) = [D(a), b]a + [a,D(b)]a.
Let us assume that a and b are odd and c is even
0 = [[a, b]g, c]g + [[c, a]g, b]g + [[b, c]g, a]g
= [[a, b]a, c]g + [[c, a]a, b]g + [[b, c]a, a]g
= [[a, b]a, c]a +Ba(D([a, b]), c)x+ [[c, a]a, b]a +Bα([c, a]a, b)x+ [[b, c]a, a]a
+Bα([b, c]a, a)x.
It follows that the JI is satisfied for the bracket [·, ·]a, provided that
(42) Ba(D([a, b]), c) +Bα([c, a]a, b) +Bα([b, c]a, a) = 0.
We will show later that this condition follows form another condition.
We can similarly show that the JI identity on g for one element odd and two elements
even implies the JI on a.
Let us complete the proof of the fact that D2 = ada0 . Indeed, the fact that [sg(e), a]g =
[e, [e, a]g]g for any a ∈ a1¯, implies Bg(D(a0), a)x + [a0, a]a = [e, [e, a]g]g. Using Eq. (41), we
get
[e, a]g = sg(a+ e) + sg(a) + sg(e) = D(a).
Therefore, D2 = ada0 .
Now, since [sg(a), e]g = [sa(a), e]g = D(sg(a)) it follows that [a, [a, e]g]g = D(sa(a)) which,
in turn, implies
D(sa(a)) = Bg(D(a), D(a))x+ [a,D(a)]a
= [a,D(a)]a,
since Bg is odd. Hence D(sg(a)) = [a,D(a)]a. The arguments used in Theorem 3.2.1 show
that D([a, b]a) = [D(a), b]a + [a,D(b)]a, and hence Dder1¯(a).
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Now, we should prove that the bilinear formBa := Bg|a×a is also invariant on (a, [·, ·]a, sa, Ba).
Indeed, let a, b and c in a (at least two of them even), we have
Ba(a, [b, c]a) = Bg(a, [b, c]g +Ba(D(b), c)x)
= Bg(a, [b, c]g)
= Bg([a, b]g, c)
= Bg([a, b]a +Ba(D(a), b)x, c)
= Bg([a, b]a, c)
= Ba([a, b]a, c).
The proof is similar in the other cases.
Next, we show that the bilinear form Ba satisfies the condition
Ba(D(a), b) = Bα(a, b) for any a and b ∈ a1¯,
which, in turn, implies Eq. (42). We have,
Ba(D(a), b) = Bg(D(a), b)
= Bg([e, a]g, b)
= Bg(e, [a, b]g)
= Bg(e, [a, b]a +Bα(a, b)x)
= Bα(a, b).
The proof is complete now. 
4.2. D0¯-extensions.
4.2.1. Theorem. Let (a, Ba) be a NIS-Lie superalgebra in characteristic 2 such that Ba is
odd. Let D ∈ der0¯(a) be such that:
Ba(D(a), b) +Ba(a,D(b)) = 0 for any a, b ∈ a.(43)
Then there exists a NIS-Lie superalgebra structure on g := K ⊕a⊕E , where K := Span{x}
and x is odd, and where E := Span{e} and e is even, defined as follows. The squaring is
given by (where µ ∈ K):
sg(a+ µx) := sa(a) for any a+ µx ∈ g1¯.
The bracket is given by:
[x, g]g := 0; [a, b]g := Ba(D(a), b)x+ [a, b]a for any a, b ∈ a;
[a, e]g := D(a) for any a ∈ a.
The bilinear form Bg on g defined by:
Bg|a×a := Ba, Bg(a,K ) := 0, Bg(a, E ) := 0,
Bg(x, e) := 1, Bg(x, x) := Bg(e, e) := 0,
is odd, non-degenerate, invariant, and symmetric.
Therefore (g, Bg) is a NIS-Lie superalgebra.
We call the Lie superalgebra constructed in Theorem 4.2.1 the D0¯-extension of (a, Ba) by
means of D.
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Proof. The proof is similar to that of Theorem 4.1.1. Let us first show that sg is indeed a
squaring on g. Recall that since K is an odd vector spaces, then g1¯ = a1¯ ⊕K . Now, let
λ ∈ K and let f = a + µx ∈ g1¯; we have
sg(λf) = sa(λa) = λ
2sg(a) = λ
2sg(f),
since sa is a squaring on a. Besides, for any f = a+ µx and g = b+ vx ∈ a1¯, we see that
(44) sg(f + g) + sg(f) + sg(g) = sa(a+ b) + sa(b) + sa(b)
is obviously bilinear. Let us show that the bracket on g defined above is supersymmetric.
Indeed, using condition (43), for any f = rx+ a+ µe and g = r˜x+ b+ µ˜e in g, we have (if
a and b are not both odd):
[f, g]g = Ba(D(a), b)x+ [a, b]a
= Ba(D(b), a)x+ [b, a]a
= [g, f ]g.
We use (44) if a and b are both odd.
Let us check the Jacobi identity relative to the squaring sg. Let f = a + µx ∈ g1¯ and
g ∈ g. If g = x, then we are done since x is central. If g = e, we have
[sg(f), g]g + [f, [f, g]g]g = [sa(a), e]g + [a+ µx,D(a)]g
= D(sa(a)) + [a,D(a)]a = 0,
since D ∈ der(a). If g = b ∈ a1¯, then we have
[sg(f), g]g = [sa(a), b]g
= [sa(a), b]a +Ba(D(sa(a)), b)x
= [a, [a, b]a]a +Ba(D(sa(a)), b)x.
On the other hand,
[f, [f, g]g]g = [a+ µx, [a, b]a]g
= [a, [a, b]a]g
= [a, [a, b]a]a +Ba(D(a), [a, b]a)x
= [a, [a, b]a]a +Ba([D(a), a]a, b)x
It follows that [sg(f), g]g+ [f, [f, g]g]g = 0 since sa is a squaring and D is a derivation. Now,
if g = b ∈ a0¯, we have:
[sg(f), g]g = [sa(a), b]g
= [sa(a), b]a
= [a, [a, b]a]a.
On the other hand,
[f, [f, g]g]g = [a+ µx, [a, b]a +Ba(D(a), b)x]g
= [a, [a, b]a]g
= [a, [a, b]a]a.
To check the Jacobi identity
[h, [f, g]g]g + [g, [h, f ]g]g + [f, [g, h]g]g = 0,
we proceed as follows.
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If h = x, the identity
[x, [f, g]g]g + [g, [x, f ]g]g + [f, [g, x]g]g = 0
is certainly satisfied since x is central.
If h = e, the identity
[e, [f, g]g]g + [g, [e, f ]g]g + [f, [g, e]g]g = 0
is also satisfied for the following reasons. If either f or g is x then we are done since x is
central. Now if f = e (or the way around g = e), then by putting g = ux+ b+ ve we get
[e, [e, g]g]g + [g, [e, e]g]g + [e, [g, e]g]g = 2D(D(b)) = 0.
Let us assume now that f, g ∈ a. We see that if f is even and g is odd, then
[e, [f, g]g]g + [g, [e, f ]g]g + [f, [g, e]g]g = [e, Ba(D(f), g)x+ [f, g]a]g + [g,D(f)]g + [f,D(g)]g
= D([f, g]a) +Ba(D(g), D(f))x+ [g,D(f)]a
+Ba(D(f), D(g))x+ [f,D(g)]a = 0.
since D is a derivation on (a, [·, ·]a, sa) and Ba is symmetric. If f and g are both even, we
deduce, using the fact that D is a derivation, that
[e, [f, g]g]g + [g, [e, f ]g]g + [f, [g, e]g]g = [e, [f, g]a]g + [g,D(f)]g + [f,D(g)]g
= D([f, g]a) + [g,D(f)]a + [f,D(g)]a = 0,
Besides, if f, g ∈ a1¯, then
[e, [f, g]g]g + [g, [e, f ]g]g + [f, [g, e]g]g = [e, [f, g]a]g + [g,D(f)]g + [f,D(g)]g
= D([f, g]a) + [g,D(f)]a + [f,D(g)]a = 0,
since D is a derivation on (a, [·, ·]a, sa).
From now and on we will assume that f, g and h ∈ a. We distinguish several cases to
check the Jacobi identity.
If f, g and h are even, then we have
[f, [g, h]g]g+ 	 (f, g, h) = [f, [g, h]a]g+ 	 (f, g, h)
= [f, [g, h]a]a+ 	 (f, g, h) = 0,
because the JI holds on a. If f and g are both odd but h is even, then we have
[f, [g, h]g]g + [h, [f, g]g]g + [g, [h, f ]g]g = [f, Ba(D(g), h)x+ [g, h]a]g + [h, [f, g]a]g
+[g, Ba(D(h), f)x+ [h, f ]a]g
= [f, [g, h]a]a + [h, [f, g]a]a + [g, [h, f ]a]a = 0,
because the Jacobi identity holds on a.
If f is odd and both g and h are even, we have
[f, [g, h]g]g + [h, [f, g]g]g + [g, [h, f ]g]g = [f, [g, h]a]g + [h,Ba(D(f), g)x+ [f, g]a]g
+[g, Ba(D(h), f)x+ [h, f ]a]g
= [f, [g, h]a]a + [h, [f, g]a]a + [g, [h, f ]a]a,
+Ba(D(f), [g, h]a)x+Ba(D(h), [f, g]a)x
+Ba(D(g), [h, f ]a)x = 0.
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Let us show now that Bg is invariant. We should check that
Bg([f, g]g, h) = Bg(f, [g, h]g) for any f, g, h ∈ g.
This is true if f = x because x is central and by the very definition of Bg. If f = e, g = b+vx
and h = c + sx (where g and h are both odd), using Eq. (44) and the fact that Ba is odd
we have
Bg([f, g]g, h) = Bg(D(b), c+ sx)
= Ba(D(b), c) = 0.
On the other hand, Bg(f, [g, h]g) = Bg(e, [b, c]a) = 0.
If f = e, g = b+ vx is odd and h = c + te is even, we have
Bg([f, g]g, h) = Bg(D(b), h) = Ba(D(b), c).
On the other hand,
Bg(f, [g, h]g) = Bg(e, Ba(D(b), c)x+ [b, c]a + tD(b))
= Ba(D(b), c).
If f = e, but g = te + b and h = ue+ c are both even, we have Bg([f, g]g, h) = Ba(D(b), c).
On the other hand,
Bg(f, [g, h]g) = Bg(e, Ba(D(b), c)x+ [b, c]a + tD(c) + uD(b))
= Ba(D(b), c).
If f, g, h ∈ a, the invariance property of Bg directly follows from that of Ba. 
4.2.2. Proposition. Let (g, Bg) be an irreducible NIS-Lie superalgebra, where Bg is odd.
Suppose that sg(z(g)1¯)∩ sg(g1¯)⊥ 6= {0}. Then (g, Bg) is obtained as either a D0¯-extension or
a D1¯-extension from a NIS-Lie superalgebra (a, Ba).
Proof. Let x be a non-zero element in z(g)1¯ ∩ sg(g1¯)⊥. Let us assume that sg(x) = 0. If not,
we can use Theorem 4.1.2 to construct a double extension. The subspace K := Span{x} is
an ideal in (g, Bg) because x is central in g. Moreover, K
⊥ is also an ideal in (g, Bg). Indeed,
let us show first that (K ⊥)1¯ = g1¯. This is true because x is orthogonal to any odd element
since Bg is odd. Now let f ∈ (K ⊥)1¯. It follows that Bg(x, sg(f)) = 0 since x ∈ sg(g1¯)⊥.
Hence, sg(f) ∈ K ⊥. On the other hand, if f ∈ K ⊥ and g ∈ g, then [f, g]g ∈ K ⊥ because
Bg(x, [f, g]g) = Bg([x, f ]g, g) = Bg(0, g) = 0.
Since K is 1-dimensional, then either K ∩K ⊥ = {0} or K ∩K ⊥ = K . The first case is
to be disregarded because otherwise g = K ⊕K ⊥ and the Lie superalgebra g will not be
irreducible. Hence, K ∩K ⊥ = K . It follows that K ⊂ K ⊥ and dim(K ⊥) = dim(g)− 1.
Therefore, there exists e ∈ g1¯ such that
g = K ⊥ ⊕ E , where E := Span{e}.
This e can be normalized to have Bg(x, e) = 1. Besides, Bg(x, x) = 0 since K ∩K ⊥ = K .
Let us define a := (K + E )⊥. We then have a decomposition g = K ⊕ a⊕ E .
Let us define a bilinear form on a by setting:
Ba = Bg|a×a.
The form Ba is non-degenerate on a. Indeed, suppose there exists a ∈ a such that
Ba(a, f) = 0 for any f ∈ a.
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But a is also orthogonal to x and e. It follows that Bg(a, f) = 0 for any f ∈ g. Hence, a = 0,
since Bg is nondegenerate.
Let us show now that there exists a NIS-Lie superalgebra structure on the vector space
a for which g is its double extension. Let a, b ∈ a. The bracket [a, b]g belongs to K ⊕ a
because a ⊂ K ⊥ = K ⊕ a and the latter is an ideal. It follows that
[a, b]g = φ(a, b)x+ ψ(a, b),
[a, e]g = f(a)x+D(a), for any a ∈ a
where ψ(a, b), D(a) ∈ a, and φ(a, b), f(a) ∈ K. Let us show that φ(a, b) = Bg(a,D(b)).
Indeed, since Bg([a, b]g, e) = Bg(a, [b, e]g) it follows that
Bg(φ(a, b)x+ ψ(a, b), e) = Bg(a, f(b)x+D(b)).
Using the fact that ψ(a, b) is orthogonal to e, and a is also orthogonal to x, and the fact that
Bg(x, e) = 1, we get φ(a, b) = Bg(a,D(b)). The antisymmetry of the bracket [·, ·]g implies
the antisymmery of the map φ(a, b) which, in turn, implies that
Bg(a,D(b)) = Bg(D(a), b) for any a, b ∈ a.
Similarly,
0 = Bg([e, e]g, a) = Bg(e, [e, a]g) = Bg(e, f(a)x+D(a)) = f(a) for any a ∈ a.
This implies that f(a) = 0 for any a ∈ a.
Let us now describe a squaring on a. Since a ⊂ K ⊥, then sg(a) ∈ (K ⊥)0¯ = E ⊕ a0¯, for
any a ∈ a1¯. It follows then that
sg(a) = α(a)e+ sa(a).
Now, because sg(a) is orthogonal to x, it follows that 0 = Bg(x, α(a)e + sa(a)) = α(a).
Therefore, sg(a) = sa(a). It follows that sa is a squaring on a.
The map ψ is a bilinear on a because [·, ·]g is bilinear, so for convenience let us re-denote
ψ by [·, ·]a. We still have to show that the Jacobi identity is satisfied for [·, ·]a. For any
a, b, c ∈ a0¯, we have
0 = [[a, b]g, c]g+ 	 (a, b, c)
= [[a, b]a, c]g+ 	 (a, b, c)
= [[a, b]a, c]a+ 	 (a, b, c).
This implies that the JI for the bracket [·, ·]a is satisfied.
Let us assume that a and b are odd and c is even
0 = [[a, b]g, c]g + [[c, a]g, b]g + [[b, c]g, a]g
= [[a, b]a, c]g + [[c, a]a +Ba(D(c), a)x, b]g + [[b, c]a +Ba(D(b), c)x, a]g
= [[a, b]a, c]a +Ba(D([a, b]a), c)x+ [[c, a]a, b]a +Ba(D([c, a]a), b)x+ [[b, c]a, a]a
+Ba(D([b, c]a), a)x.
This implies that the JI for the bracket [·, ·]a is satisfied and
Bg(c,D([a, b]a) + [a,D(b)]a + [D(a), b]a) = 0 for any a, b ∈ a1¯ and c ∈ a0¯.
Since Bg is also non-degenerate on a, it follows that D([a, b]a) = [D(a), b]a + [a,D(b)]a.
Similarly, we can easily show that the JI identity on g for one element odd and two
elements even implies the JI on a, and also D([a, b]a) = [D(a), b]a + [a,D(b)]a.
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Now, [sg(a), e]g = [sa(a), e]g = D(sg(a)) implies that [a, [a, e]g]g = D(sa(a)) which, in turn,
implies
D(sa(a)) = Bg(D(a), D(a))x+ [a,D(a)]a
= [a,D(a)]a,
since Bg is odd. Hence D(sg(a)) = [a,D(a)]a. Hence D is an even derivation of (a, [·, ·]a, sa).
Now, we should prove that the new defined bilinear form Ba := Bg|a×a is also invariant on
(a, [·, ·]a, sa, Ba). Indeed, for any a, b, c ∈ a0¯, we have
Ba(a, [b, c]a) = Bg(a, [b, c]g)
= Bg([a, b]g, c)
= Bg([a, b]a, c)
= Ba([a, b]a, c).
Now, for any a, b and c in a (where a and b are odd and c is even), we have
Ba(a, [b, c]a) = Bg(a, [b, c]g +Ba(D(b), c)x)
= Bg(a, [b, c]g)
= Bg([a, b]g, c)
= Bg([a, b]a, c)
= Ba([a, b]a, c).
Similarly, one can prove the invariance property when a, b and c are all odd.
The proof is complete now. 
4.3. Isometries, and equivalence classes of derivations. For a NIS-Lie superalgebra
a with a bilinear form Ba, denote by g (resp. g˜) the double extension of a by means of
D, a0, m (resp. D˜, a˜0, m˜). In the case of D1¯-extensions, to define g (resp. g˜) we also need a
quadratic form α (resp. α˜). We will investigate how the derivations D and D˜ are related
with each other when g and g˜ are isometric. We will assume further that the isometry
satisfies pi(K ⊕ a) = K˜ ⊕ a.
4.3.1. The D1¯ case. Let pr : K˜ ⊕a→ a be the projection, and pi0 := pr ◦pi. The map pi0 is
obviously linear. Let a ∈ a0¯. Since pi(a)+pi0(a) ∈ Ker(pr), it follows that pi(a)+pi0(a) ∈ K˜ .
Since Ba is nondegenerate, it follows that there exists a unique tπ ∈ a1¯ (depending only on
pi) such that
pi(a) + pi0(a) = Ba(tπ, a)x˜ for any a ∈ a0¯.
On the other hand, pi0(a) = pi(a) for every a ∈ a1¯. Let us write pi(x) = λx˜+u, where u ∈ a0¯.
We have (for any b even)
0 = Bg(x, b) = Bg˜(pi(x), pi(b)) = Bg˜(λx˜+ u, pi0(b) +Ba(tπ, b)x˜) = Ba(u, pi0(b)).
We have (for any b odd)
0 = Bg(x, b) = Bg˜(pi(x), pi(b)) = Bg˜(λx˜+ u, pi0(b)) = Ba(u, pi0(b)).
It follows that u = 0 since pi0 is surjective.
Let us show that pi0 preserves Ba. Indeed, for any a, b ∈ a (either both even or both odd)
we have
Ba(a, b) = Ba(pi0(a), pi0(b)) = 0.
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For any a ∈ a0¯ and b ∈ a1¯, we have
Ba(a, b) = Bg˜(pi(a), pi(b))
= Bg˜(pi0(a) +Ba(tπ, a)x˜, pi0(b))
= Bg˜(pi0(a), pi0(b))
= Ba(pi0(a), pi0(b)).
Let us study the squaring. Let a ∈ a1¯. We have
pi(sg(a)) = pi(sa(a) + α(a)x) = pi0(sa(a)) +Ba(tπ, sa(a))x˜+ α(a)(λx˜).
On the other hand,
sg˜(pi(a)) = sg˜(pi0(a)) = sa(pi0(a)) + α˜(pi0(a))x˜.
It follows that (for any a odd)
α˜(pi0(a)) + λα(a) +Ba(tπ, sa(a)) = 0, and
pi0(sa(a)) = sa(pi0(a)).(45)
We need the following Lemma:
4.3.2. Lemma. If
α˜ ◦ pi0 + λα +Ba(tπ, sa(·)) = 0,
then pi−10 D˜pi0 + λD + adtpi = 0.
Proof. Let a and b in a1¯. Evaluating α˜ ◦ pi0 + λα+Ba(tπ, sa(·)) at a+ b, at a, and at b, and
taking the sum of evaluations we get
Bα˜(pi0(a), pi0(b)) + λBα(a, b) +Ba(tπ, [a, b]a) = 0.
Using the fact that Bα(a, b) = Ba(D(a), b) and Bα˜(pi0(a), pi0(b)) = Ba(D˜(pi0(a)), pi0(b)) we
get
Ba(D˜(pi0(a)), pi0(b)) + λBa(D(a), b) +Ba([tπ, a]a, b) = 0.
On the other hand, Ba(pi
−1
0 D˜(pi0(a)) + λD(a) + [tπ, a], c) = 0, for any even element c, since
Ba is odd. The result follows since Ba is nondegenerate. 
Now, the fact that
pi([a, b]g) = [pi(a), pi(b)]g˜ for any a and b in a0¯,
implies that
pi0([a, b]a) +Ba(D(a), b)pi(x) +Ba(tπ, [a, b]a)x˜ = [pi0(a), pi0(b)]a +Ba(D˜(pi0(a)), pi0(b))x˜,
since x is central in g. It follows that
λB(D(a), b) +B([tπ, a]a, b) +B(pi
−1
0 Dpi0(a), b) = 0, and
pi0([a, b]a) = [pi0(a), pi0(b)]a.(46)
which implies that pi−10 D˜pi0 + λD + adtpi = 0.
For any a even and b odd, we have pi([a, b]g) = pi([a, b]a) = pi0([a, b]a). On the other hand,
[pi(a), pi(b)]g˜ = [pi0(a) +Ba(tπ, a)x˜, pi0(b)]g˜ = [pi0(a), pi0(b)]g˜ = [pi0(a), pi0(b)]a.
It follows that
(47) pi0([a, b]a) = [pi0(a), pi0(b)]a.
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For any a and b odd, we have
pi([a, b]g) = pi([a, b]a +Bα(a, b)x) = pi([a, b]a) + λBα(a, b)x˜
= pi0([a, b]a) +Ba(tπ, [a, b]a)x˜+ λBα(a, b)x˜
= pi0([a, b]a) +Ba(tπ, [a, b]a)x˜+ λBa(D(a), b)x˜.
On the other hand,
[pi(a), pi(b)]g˜ = [pi0(a), pi0(b)]a +Bα˜(pi0(a), pi0(b))x˜ = [pi0(a), pi0(b)]a +Ba(D˜(pi0(a)), pi0(b))x˜
It follows that
(48) [pi0(a), pi0(b)]a = pi([a, b]a)
and
Ba(D˜(pi0(a)), pi0(b)) = Ba(tπ, [a, b]a) + λBa(D(a), b).
This condition results from Lemma 4.3.2.
Now, Eqns, (45), (46), (47) and (48) imply that α0 is an automorphism on a.
Let us study the squaring. Let us write pi(e) as µe˜+ a for some a in a1¯. We have
1 = Bg˜(pi(e), pi(x)) = Bg˜(µe˜+ a, λx˜) = λµ.
Therefore µ = λ−1. Besides,
0 = Bg(e, e) = Bg˜(pi(e), pi(e)) = Bg˜(µe˜+ a, µe˜+ a) = Ba(a, a).
Therefore, Ba(a, a) = 0, which is true since Ba is odd. We have pi(sg(e)) = pi(mx + a0) =
mλx˜+ pi0(a0) +Ba(tπ, a0)x˜. On the other hand,
sg˜(pi(e)) = sg˜(µe˜+ a) = µ
2a˜0 + µ
2m˜x˜+ α˜(a)x˜+ µD˜(a) + sa(a).
It follows that
a˜0 = µ
−2(pi0(a0) + µD˜(a) + sa(a)),(49)
m˜ = µ−2(α˜(a) + λm+Ba(tπ, a0)).(50)
Besides, for any b ∈ a0¯, we have
0 = Bg˜(pi(e), pi(b)) = Bg˜(µe˜+ a, pi0(b) + Ba(tπ, b)x˜) = Ba(a, pi0(b)) + µBa(tπ, b).
If follows that Ba(µtπ + pi
−1
0 (a), b) = 0 for any b ∈ a0¯. Thus, a = µpi0(tπ) since Ba is
non-degenerate and odd.
Let us go back to the squaring in the the most general case. We have (for f = c+ θe):
pi(sg(f)) = pi(sa(c) + θ
2a0 + θD(c) + (θ
2m+ α(c))x)
= pi0(sa(c) + θ
2a0 + θD(c)) +Ba(tπ, sa(c) + θ
2a0 + θD(c))x˜+ λ(θ
2m+ α(c))x˜.
On the other hand,
sg˜(pi(f)) = sg˜(pi(c) + θpi(e)) = sg˜(pi0(c) + θa0 + θµe˜)
= sa(pi0(c) + θa0) + (θµ)
2a˜0 + θµD˜(pi0(c) + θa0) + (α˜(pi0(c) + θa0) + θ
2m˜)x˜.
The fact that sg˜(pi(f)) = pi(sg(f)), Lemma 4.3.2, Eqs. (49), (50) imply that pi0(sa(c)) =
sa(pi0(c)) for any c ∈ a1¯. Therefore, pi0 is an automorphism of a.
We arrive at the following Theorem.
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4.3.3. Theorem. Let pi0 be an isometry of (a, Ba). Let λ ∈ K× and t ∈ a1¯ satisfy the
following conditions:
α˜ = λα ◦ pi−10 +Ba(t, sa ◦ pi−10 ) on a1¯;(51)
pi−10 D˜pi0 = λD + adt on a0¯;(52)
a˜0 = λ
2pi0(a0) + λpi0(D(t)) + sa(pi0(t));(53)
m˜ = λ2α(t) + λBa(t, sa(t) + λa0) + λ
3m.(54)
Then there exists an adapted isometry pi : K ⊕ a⊕ E → K˜ ⊕ a⊕ E˜ given by
pi = pi0 +Ba(t, ·)x˜ on a;
pi(x) = λx˜;
pi(e) = λ−1(e˜+ pi0(t)).
Proof. To check that pi preserves the Lie bracket, it is enough to check the conditions below.
For every a odd, we have
pi([e, a]g) = pi(D(a)) = pi0(D(a)) +Ba(t, D(a))x˜.
On the other hand,
[pi(e), pi(a)]g˜ = [λ
−1e˜+ λ−1pi0(t), pi0(a)]g˜
= λ−1D˜(pi0(a)) + [λ
−1pi0(t), pi0(a)]a +Ba(D˜(λ
−1pi0(t)), pi0(a))x˜
= λ−1pi0(λD(a) + [t, a]a) + λ
−1pi0([t, a]a) + λ
−1Ba(D˜(pi0(t)), pi0(a))x˜
= λ−1pi0(λD(a) + [t, a]a) + λ
−1pi0([t, a]a) + λ
−1Ba(pi0(t), D˜(pi0(a)))x˜
= pi0(D(a)) + λ
−1Ba(pi0(t), pi0(λD(a) + [t, a]a))x˜
= pi0(D(a)) +Ba(t, D(a))x˜.
For every a even, we have
pi([e, a]g) = pi(D(a)) = pi0(D(a)).
On the other hand,
[pi(e), pi(a)]g˜ = [λ
−1e˜+ λ−1pi0(t), pi0(a) +Ba(t, a)x˜]g˜
= λ−1D˜(pi0(a)) + [λ
−1pi0(t), pi0(a)]a
= λ−1pi0(λD(a) + [t, a]a) + λ
−1pi0([t, a]a)
= λ−1pi0(λD(a)) + λ
−1pi0([t, a]a) + λ
−1pi0([tπ, a]a)
= pi0(D(a)).
Besides, 0 = pi([e, x]g) = [pi(e), pi(x)]g˜. Similarly, pi([a, x]g) = [pi(a), pi(x)]g˜ = 0. Let us show
that pi preserves Bg. We have Bg(a, e) = 0 and
Bg˜(pi(e), pi(a)) = Bg˜(λ
−1e˜ + λ−1pi0(t), pi0(a) +Ba(t, a)x˜)
= λ−1Ba(t, a) + Ba(λ
−1pi0(t), pi0(a))
= 2λ−1Ba(t, a) = 0.
The other conditions are certainly satisfied because of the previous computations.
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Let us show now that Ba(D˜(a), a) = 0 for any a odd. Indeed,
Ba(D˜(a), a) = Ba(pi0(λD + adt)pi
−1
0 (a), a)
= Ba((λD + adt)pi
−1
0 (a), pi
−1
0 (a))
= Ba((adt)pi
−1
0 (a), pi
−1
0 (a))
= Ba([t, pi
−1
0 (a)]a, pi
−1
0 (a))
= Ba(t, [pi
−1
0 (a), pi
−1
0 (a)]a) = 0.
Suppose that D(a0) = 0. Let us show that D˜(a˜0) = 0. Indeed, let us apply pi
−1
0 to D˜(a˜0):
pi−10 D˜(a˜0) = pi
−1
0
(
D˜(λ2pi0(a0) + λpi0(D(t)) + sa(pi0(t))
)
= pi−10 D˜pi0 (λ
2a0 + λD(t) + sa(t))
= (λD + adt) (λ
2a0 + λD(t) + sa(t))
= 2λ2 adt(a0) + 2λ[t, D(t)]a = 0.
Let us show that D˜2 = ada˜0 . Indeed,
D˜2 = pi0(λD + adt)
2pi−10
= pi0(λ
2D2 + λD ◦ adt+λ adt ◦D + ad2t )pi−10
= pi0(λ
2 ada0 +λD ◦ adt+λ adt ◦D + ad2t )pi−10
= adλ2π0(a0)+adλπ0(D(t)) +2λpi0 ◦ adt ◦D ◦ pi−10 + adπ0(sa(t)) .
= ada˜0 .

4.3.4. Remark. Condition (51) implies that condition (52) also holds on a1¯.
4.3.5. Corollary. Two odd derivations D and D′ that satisfy conditions (15) and (16) and
are cohomologous, i.e., [D] = [D′] in H11¯(a; a), define the same even double extension up to
an isometry.
Proof. Since [D] = [D′] in H11¯(a; a), it follows that D = λD
′ + adt for some λ in K and some
element t in a0¯. We define pi0 = id. The rest of the proof follows from Theorem 4.3.3. 
4.3.6. The D0¯ case. Let pr : K˜ ⊕a→ a be the projection, and pi0 := pr ◦pi. The map pi0 is
obviously linear. Let a ∈ a1¯. Since pi(a)+pi0(a) ∈ Ker(pr), it follows that pi(a)+pi0(a) ∈ K˜ .
Since Ba is nondegenerate, it follows that there exists a unique tπ in a0¯ (depending only on
pi) such that
pi(a) + pi0(a) = Ba(tπ, a)x˜ for any a in a1¯.
On the other hand, pi0(a) = pi(a) for every a ∈ a0¯. Let us write pi(x) = λx˜+u, where u ∈ a1¯.
We have (for any b odd)
0 = Bg(x, b) = Bg˜(pi(x), pi(b)) = Bg˜(λx˜+ u, pi0(b) +Ba(tπ, b)x˜) = Ba(u, pi0(b)).
We have (for any b even)
0 = Bg(x, b) = Bg˜(pi(x), pi(b)) = Bg˜(λx˜+ u, pi0(b)) = Ba(u, pi0(b)).
It follows that u = 0 since pi0 is surjective.
Let us show that pi0 preserves Ba. Indeed, for any a, b ∈ a (either both even or both odd)
we have
Ba(a, b) = Ba(pi0(a), pi0(b)) = 0.
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For any a ∈ a1¯ and b ∈ a0¯, we have
Ba(a, b) = Bg˜(pi(a), pi(b))
= Bg˜(pi0(a) +Ba(tπ, a)x˜, pi0(b))
= Bg˜(pi0(a), pi0(b))
= Ba(pi0(a), pi0(b)).
Let us study the squaring. Let a ∈ a1¯. We have
pi(sg(a)) = pi(sa(a)) = pi0(sa(a)).
On the other hand,
sg˜(pi(a)) = sg˜(pi0(a) +Ba(tπ, a)x˜) = sa(pi0(a)).
It follows that (for any a odd)
(55) pi0(sa(a)) = sa(pi0(a)).
Now, the fact that
pi([a, b]g) = [pi(a), pi(b)]g˜ for any a, b ∈ a0¯,
implies that
pi0([a, b]a) = [pi0(a), pi0(b)]a.
For any a even and b odd, we have
pi([a, b]g) = pi([a, b]a +Ba(D(a), b)x˜) = pi0([a, b]a) +Ba(tπ, [a, b]a)x˜+ λBa(D(a), b)x˜.
On the other hand,
[pi(a), pi(b)]g˜ = [pi0(a), pi0(b)+Ba(tπ, b)x˜]g˜ = [pi0(a), pi0(b)]g˜ = [pi0(a), pi0(b)]a+Ba(D˜(pi0(a)), pi0(b))x˜.
It follows that
(56) pi0([a, b]a) = [pi0(a), pi0(b)]a,
and
(57) Ba(D˜(pi0(a)), pi0(b)) = Ba(tπ, [a, b]a) + λBa(D(a), b).
For any a and b odd, we have
pi([a, b]g) = pi([a, b]a) = pi0([a, b]a).
On the other hand,
[pi(a), pi(b)]g˜ = [pi0(a), pi0(b)]a.
It follows that
(58) [pi0(a), pi0(b)]a = pi0([a, b]a)
Now, Eqs, (55), (56) and (58) imply that α0 is an automorphism of a.
Let us write pi(e) as µe˜+ a for some a ∈ a0¯. We have
1 = Bg˜(pi(e), pi(x)) = Bg˜(µe˜+ a, λx˜) = λµ.
Therefore µ = λ−1. Besides,
0 = Bg(e, e) = Bg˜(pi(e), pi(e)) = Bg˜(µe˜+ a, µe˜+ a) = Ba(a, a).
Therefore, Ba(a, a) = 0, which is true since Ba is odd. Besides, for any b ∈ a1¯, we have
0 = Bg˜(pi(e), pi(b)) = Bg˜(µe˜+ a, pi0(b) + Ba(tπ, b)x˜) = Ba(a, pi0(b)) + µBa(tπ, b).
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If follows that Ba(µtπ + pi
−1
0 (a), b) = 0 for any b ∈ a1¯. Thus, a = µpi0(tπ) since Ba is
non-degenerate and odd.
We arrive at the following Theorem.
4.3.7. Theorem. Let pi0 be an isometry of (a, Ba). Let λ ∈ K and t ∈ a0¯ satisfy the
following conditions:
pi−10 D˜pi0 = λD + adt on a.(59)
Then there exists an adapted isometry pi : K ⊕ a⊕ E → K˜ ⊕ a⊕ E˜ given by
pi = pi0 +Ba(t, ·)x˜ on a;
pi(x) = λx˜;
pi(e) = λ−1(e˜+ pi0(t)).
Proof. To check that pi preserves the Lie bracket, it is enough to check the conditions below.
For every a odd, we have
pi([e, a]g) = pi(D(a)) = pi0(D(a)) +Ba(t, D(a))x˜.
On the other hand,
[pi(e), pi(a)]g˜ = [λ
−1e˜+ λ−1pi0(t), pi0(a) +B(t, a)x˜]g˜
= λ−1D˜(pi0(a)) + [λ
−1pi0(t), pi0(a)]a +Ba(D˜(λ
−1pi0(t)), pi0(a))x˜
= λ−1pi0(λD(a) + [t, a]a) + λ
−1pi0([t, a]a) + λ
−1Ba(D˜(pi0(t)), pi0(a))x˜
= λ−1pi0(λD(a) + [t, a]a) + λ
−1pi0([t, a]a) + λ
−1Ba(pi0(t), D˜(pi0(a)))x˜
= pi0(D(a)) + λ
−1Ba(pi0(t), pi0(λD(a) + [t, a]a))x˜
= pi0(D(a)) +Ba(t, D(a))x˜.
For every a even, we have
pi([e, a]g) = pi(D(a)) = pi0(D(a)).
On the other hand,
[pi(e), pi(a)]g˜ = [λ
−1e˜ + λ−1pi0(t), pi0(a) +Ba(t, a)x˜]g˜
= λ−1D˜(pi0(a)) + [λ
−1pi0(t), pi0(a)]a
= λ−1pi0(λD(a) + [t, a]) + λ
−1pi0([t, a]a)
= λ−1pi0(λD(a)) + λ
−1pi0([t, a]a) + λ
−1pi0([t, a]a)
= pi0(D(a)).
Besides, 0 = pi([e, x]g) = [pi(e), pi(x)]g˜. Similarly, pi([a, x]g) = [pi(a), pi(x)]g˜ = 0. Let us show
that pi preserves Bg. We have Bg(e, a) = 0 and
Bg˜(pi(e), pi(a)) = Bg˜(λ
−1e˜ + λ−1pi0(t), pi0(a) +Ba(t, a)x˜)
= λ−1Ba(t, a) + Ba(λ
−1pi0(t), pi0(a))
= 2λ−1Ba(t, a) = 0.
The other conditions are certainly satisfied because of the previous computations. 
4.3.8. Corollary. Two even derivations D and D′ that are cohomologous, i.e., [D] = [D′]
in H10¯(a; a), define the same double extension up to an isometry.
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Proof. Since [D] = [D′] in H10¯(a; a), it follows that D = λD
′ + adt for some λ ∈ K and some
element t in a0¯. We define pi0 = id. The rest of the proof follows from Theorem 4.3.7. 
5. Examples: the case where the bilinear form B is even
We give here a few examples of D-extensions in the case where the bilinear form B is even
and the derivation D is either even and odd. We use non-equivalent derivations to obtain
non-isometric NIS-Lie superalgebras.
5.1. The Manin triple constructed from the Heisenberg superalgebra. Consider
the Heisenberg superalgebra hei(0|2) spanned by p, q (odd) and z (even), with the only
nonzero bracket: [p, q] = z. We consider the NIS-Lie superalgebra a := hei(0|2)⊕ hei(0|2)∗
constructed as in § 2. In this case, a1¯ = Span {p, q, p∗, q∗}. A direct computation using Eq.
(9) shows that (for any s, w, u, v ∈ K)
sa(sp+ wq + up
∗ + vq∗) = swz + s(up∗ + vq∗) ◦ adp+w(uq∗ + vq∗) ◦ adq = swz.
A direct computation using Eqs. (9) and (10) shows that the only nonzero brackets are
[p, q]a = z, [p, z
∗]a = q
∗, [q, z∗]a = p
∗.
5.1.1. Claim. The space out(a) is spanned by the (classes of the) following cocycles (odd
cocycles are underlined):
D1 = q
∗ ⊗ p̂, D2 = q∗ ⊗ q̂, D3 = q∗ ⊗ ẑ∗,
D4 = p
∗ ⊗ p̂, D5 = p∗ ⊗ ẑ∗, D6 = q ⊗ ẑ∗ + z ⊗ q̂∗,
D7 = p⊗ ẑ∗ + z ⊗ p̂∗, D8 = z ⊗ ẑ∗, D9 = p⊗ p̂+ q∗ ⊗ q̂∗ + z ⊗ ẑ,
D10 = q ⊗ q̂ + p∗ ⊗ p̂∗ + z ⊗ ẑ,
D11 = q
∗ ⊗ q̂∗ + p∗ ⊗ p̂∗ + z∗ ⊗ ẑ∗.
Let us fix an ordered basis as follows: p, q, z, p∗, q∗, z∗. In this basis, the Gram matrix of
the bilinear form Ba in (11) is given by (where In denotes the identity n× n-matrix)(
0 I3
I3 0
)
.
Any derivation D has the following supermatrix representation:
D =
(
A B
C F
)
.
It follows that D is compatible with the bilinear form Ba if and only if F = A
t, Bt = B
and Ct = C. Let us consider the most general derivation D =
∑
1≤i≤11
αiDi, where Di are the
cocycles given in Claim 5.1.1. In the same basis p, q, z, p∗, q∗, z∗, we have
D =
(
α9(E
1,1 + E3,3) + α10(E
2,2 + E3,3) α7(E
1,3 + E3,1) + α6(E
2,3 + E3,2) + α8E
3,3
α4E
1,1 + α1E
2,1 + α2E
2,2 α11I3 + α10E
1,1 + α9E
2,2 + α5E
1,3 + α3E
2,3
)
,
where Ei,j is the 3× 3 matrix (i, j)th unit.
It follows that D is compatible with the bilinear form Ba if and only if α1 = α3 = α5 = 0,
and α11 = α9 + α10.
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5.1.2. The D0¯-extension. In this case, the most general even derivation is of the form
α2D2 + α4D4 + α8D8 + α9D9 + α10D10 + (α9 + α10)D11.
Now, we define a quadratic form on a1¯ as follows:
α(µp+ νq + λp∗ + βq∗) = µλ+ νβ + A(ν2 + β2),
where A ∈ K, see §2.2.
Let us check the condition (16). Let a = sz + tz∗ be an even element. The fact that
Ba(a,D(a)) = 0 implies that α8 = 0. Now, let
a = sp+ tp∗ + wq + uq∗, b = s˜p+ t˜p∗ + w˜q + u˜q∗ ∈ a1¯.
We have
Ba(a,D(b)) = Ba(sp+ tp
∗ + wq + uq∗, α9s˜p + (α10t˜ + α4s˜)p
∗ + α10w˜q + (α2w˜ + α10u˜)q
∗)
= s(α10t˜+ α4s˜) + tα9s˜+ w(α2w˜ + α10u˜) + uα10w˜.
On the other hand,
Bα(a, b) = (s+ s˜)(t+ t˜) + (w + w˜)(u+ u˜) + A((w + w˜)
2 + (u+ u˜)2)
+st+ wu+ A(w2 + u2) + s˜t˜+ w˜u˜+ A(w˜2 + u˜2)
= st˜+ s˜t+ wu˜+ w˜u.
It follows that α10 = α9 = 1 and α4 = α2 = 0.
The even double extension of a is then a NIS-Lie superalgebra of sdim = 4|4, by means of
the derivation D = p⊗ pˆ+ q∗ ⊗ qˆ∗ + q ⊗ qˆ + p∗ ⊗ pˆ∗ and the quadratic form α.
5.1.3. The D1¯-extension. The only odd derivations compatible with the bilinear form Ba
are D6 and D7. Put D := α6D6+α7D7. Now, the only even element a0 for which D(a0) = 0
is of the form a0 = kz, where k ∈ K. A direct computation shows that D2 = adkz = 0. The
D1¯-extension of a is then a NIS-Lie superalgebra of sdim = 2|6, by means of the derivation
D and a0 = kz, where k ∈ K. Let us show that there is an isometry between the extensions
corresponding to pairs (D˜ = α6D6 + α7D7, a˜0 = kz) and (D6, a0 = 0). Indeed, the isometry
is given by (for notation, see Theorem 3.6.1)
pi0(z) = z, pi0(z
∗) = z∗, pi0(p) = s1p+ s3q,
pi0(q) = α7p + α6q, pi0(q
∗) = s1q
∗ + s3p
∗, pi0(p
∗) = α7q
∗ + α6p
∗,
t = kq∗, λ = 1, ν = 0,
where s1α6 + s3α7 = 1.
On the other hand, let us show that the D1¯-extension by means of D6 is not a trivial one;
namely, it is not isometric to the one by means of adT for some T ∈ a. Suppose there is an
isometry, say pi. Let us write
pi0(z) = mz, pi0(z
∗) = m1z +m
−1z∗.
Now, because q∗ = [z∗, p], it follows that
pi0(q
∗) = [m−1z∗, pi0(p)] = c1p
∗ + c2q
∗ for some c1, c2 ∈ K.
Similarly, since p∗ = [z∗, q], it follows that
pi0(p
∗) = [m−1z∗, pi0(q)] = c˜1p
∗ + c˜2q
∗ for some c˜1, c˜2 ∈ K.
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We have (here T =W1p+W2p
∗ +W3q +W4q
∗, where Wi ∈ K):
(D6 ◦ pi0 + pi0 ◦ adT )(z∗) = D6(m1z +m−1z∗) + pi0[T, z∗]
= m−1q +W1pi0(q
∗) +W3pi0(p
∗)
= m−1q +W1(c1p
∗ + c2q
∗) +W3(c˜1p
∗ + c˜2q
∗).
But this is never zero, hence a contradiction.
5.2. The Manin triple constructed from the Lie superalgebra ba(1). The Lie su-
peralgebra ba(n) is an analog of the Heisenberg Lie superalgebra hei(2n|m): the latter is the
negative part (in the standard Z-grading) of the Poisson superalgebra po(2n|m), the former
is the negative part (in the standard Z-grading) of the antibracket Lie superalgebra b(n),
see [BGLLS2].
Consider the superalgebra ba(1) spanned by θ, z (odd) and q (even), with the only nonzero
bracket: [q, θ] = z. We consider the NIS-Lie superalgebra a := ba(1) ⊕ ba(1)∗ constructed
in § 2. In this case, a1¯ = Span {θ, z, θ∗, z∗}. A direct computation using Eq. (9) shows that
(for any s, w, u, v ∈ K)
sa(sθ + wz + uθ
∗ + vz∗) = s(uθ∗ + vz∗) ◦ adθ +w(uθ∗ + vz∗) ◦ adz = svq∗.
A direct computation using Eqs. (9) and (10) shows that the only nonzero brackets:
[θ, q]a = z, [q, z
∗]a = θ
∗, [θ, z∗]a = q
∗.
5.2.1. Claim. The space out(a) is spanned by the (classes of the) following cocycles (odd
cocycles are underlined):
D1 = q
∗ ⊗ q̂, D2 = q∗ ⊗ θ̂, D3 = q∗ ⊗ ẑ∗,
D4 = q
∗ ⊗ θ̂∗ + θ ⊗ q̂, D5 = θ∗ ⊗ θ̂, D6 = θ∗ ⊗ ẑ∗,
D7 = z ⊗ ẑ∗, D8 = q∗ ⊗ ẑ + z∗ ⊗ q̂, D9 = q ⊗ q̂ + θ∗ ⊗ θ̂∗ + z ⊗ ẑ,
D10 = q
∗ ⊗ q̂∗ + θ ⊗ θ̂ + z ⊗ ẑ, D11 = q∗ ⊗ q̂∗ + θ∗ ⊗ θ̂∗ + z∗ ⊗ ẑ∗.
Let us fix an ordered basis in a as follows: θ, q, z, θ∗, q∗, z∗. In this basis, the Gram matrix
of the bilinear form Ba in (11) is given by(
0 I3
I3 0
)
.
Any derivation D has the following supermatrix representation:
D =
(
A B
C F
)
.
It follows that D is compatible with the bilinear form Ba if and only if F = A
t, Bt = B
and Ct = C. Let us consider the most general derivation D =
∑
1≤i≤11
αiDi, where Di are the
cocycles given in Claim 5.2.1. In the same basis θ, q, z, θ∗, q∗, z∗, we have
D =
(
α10E
1,1 + α4E1,2 + α9E2,2 + (α9 + α10)E3,3 α7E3,3
α5E
1,1 + α2E2,1 + α1E2,2 + α8(E2,3 +E3,2) α9E1,1 + α6E1,3 + α4E2,1 + α10E2,2 + α3E2,3 + α11I
)
.
It follows that D is compatible with the bilinear form Ba if and only if α2 = α3 = α6 = 0,
and α11 = α9 + α10.
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5.2.2. The D0¯-extension. In this case, the most general even derivation is of the form
α1D1 + α5D5 + α7D7 + α9D9 + α10D10 + (α9 + α10)D11.
Now, we define a quadratic form on a1¯ as follows:
α(µθ + νz + λθ∗ + βz∗) = µλ+ νβ + A(ν2 + β2),
where A ∈ K, see §2.2.
Let a = sq + tq∗ be an even element. The fact that Ba(a,D(a)) = 0 implies that α1 = 0.
Now, let
a = sθ + tθ∗ + wz + uz∗ and b = s˜θ + t˜θ∗ + w˜z + u˜z∗
be two odd elements. We have
Ba(a,D(b)) = Ba(sθ + tθ
∗ + wz + uz∗, (α5s˜+ α10t˜)θ
∗ + (α7u˜+ α9w˜ + α10w˜)z + α10s˜θ + α11u˜z
∗)
= s(α5s˜+ α10t˜) + u(α7u˜+ α9w˜ + α10w˜) + tα10s˜+ w(α9 + α10)u˜.
On the other hand,
Bα(a, b) = (s+ s˜)(t+ t˜) + (w + w˜)(u+ u˜) + A((w + w˜)
2 + (u+ u˜)2)
+st+ wu+ A(w2 + u2) + s˜t˜+ w˜u˜+ A(w˜2 + u˜2)
= st˜+ s˜t+ wu˜+ w˜u.
It follows that α10 = 1 and α5 = α7 = α9 = 0.
The even double extension of a is then a NIS-Lie superalgebra of sdim = 4|4, by means of
the derivation D = θ ⊗ θ̂ + z ⊗ ẑ + θ∗ ⊗ θ̂∗ + z∗ ⊗ ẑ∗ and the quadratic form α.
5.2.3. The D1¯-extension. In this case, the only odd derivations compatible with the bi-
linear form Ba are D4 and D8. Put D := α4D4 + α8D8. Now, the only even element a0 for
which D(a0) = 0 is of the form a0 = kq
∗, where k ∈ K. A direct computation shows that
D2 = adkq∗ = 0. The odd double extension of a is then a NIS-Lie superalgebra of sdim = 2|6,
by means of the derivation D and a0 = kq
∗, where k ∈ K.
Let us show that there is an isometry between the extensions corresponding to pairs
(D, a0 = kq
∗) and (D˜ = D4, a˜0 = 0). Indeed, the isometry is given by the formulas (for
notation, see Theorem 3.6.1)
pi0(z) = α4z + α8θ
∗ pi0(z
∗) = s3θ + α8θ
∗ + α4z + s6z
∗, pi0(q) = q,
pi0(q
∗) = q∗, pi0(θ) = α4θ + α8z
∗, pi0(θ
∗) = s3z + s6θ
∗,
t = kθ∗, λ = 1, ν = 0,
where s6α4 + s3α8 = 1.
On the other hand, let us show that the double extension by means of D4 is not a trivial
one; namely, it is not isometric to the one by means of adT for some T ∈ a. Suppose there
is an isometry, say pi. Let us write
pi0(q
∗) = mq∗, pi0(q) = m1q
∗ +m−1q.
Now, because z = [θ, q], it follows that
pi0(z) = [pi0(θ), m1q
∗ +m−1q] = c1z + c2θ
∗ for some c1, c2 ∈ K.
Similarly, since θ∗ = [q, z∗], it follows that
pi0(θ
∗) = [m1q
∗ +m−1q, pi0(z
∗)] = c˜1z + c˜2θ
∗ for some c˜1, c˜2 ∈ K.
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We have (here T =W1z +W2z
∗ +W3θ +W4θ
∗, where Wi ∈ K):
(D4 ◦ pi0 + pi0 ◦ adT )(q) = D4(m1q∗ +m−1q) + pi0[T, q]
= m−1θ +W3pi0(z) +W2pi0(θ
∗)
= m−1q +W3(c1z + c2θ
∗) +W2(c˜1z + c˜2θ
∗).
But this is never zero, hence a contradiction.
5.3. Purely odd superalgebra. Consider a := Span{a, b}, where a and b are both odd,
with the bracket [a, b]a = 0, and sa(g) = 0 for any g odd. Define a bilinear form as follows:
Ba(a, a) := Ba(b, b) := 0 and Ba(a, b) := Ba(b, a) := 1.
Obviously, Ba is even, symmetric and non-degenerate. The superalgebra (a, Ba) is then a
NIS-Lie superalgebra.
5.3.1. Claim. The space out(a) = H1(a; a) is spanned by the even cocycles:
D1 = a⊗ â, D2 = a⊗ b̂, D3 = b⊗ â, D4 = b⊗ b̂.
In the ordered basis a, b of a, the matrix representation of the derivation D =
∑
1≤i≤4
αiDi
is (
α1 α2
α3 α4
)
.
It follows thatD is compatible with the bilinear formBa, whose Grammatrix is antidiag{1, 1},
if and only if α1 = α4.
We define a quadratic form on a1¯ by setting
α(λa+ µb) = λµ, where λ, µ ∈ K.
The condition (16) of Theorem 3.1.1 is satisfied since Bα(λa + βb, µa + νb) = λν + βµ; on
the other hand,
Ba(λa+ βb,D(µa+ νb)) = Ba(λa + βb, α1(µa) + α4(νb) + α2(νa) + α3(µb))
= (βα2 + λα4)ν + (βα1 + λα3)µ.
It follows that α1 = α4 = 1 and α2 = α3 = 0. On the other hand,
Ba(D(λa+ βb), D(λa+ βb)) = B(λa+ βb, λa+ βb) = 2λβ = 0.
The D0¯-extension of (a, Ba) is a NIS-Lie superalgebra of sdim = 2|2.
5.4. An exceptional example: psl(2|2) ≃ h(1)(0|4). Consider the Hamiltonian super-
algebra h(0|4), see [BGLLS2]. As a vector space (here ξ’s and η’s are odd indeterminates)
it can be considered as follows:
h(0|4) ≃ Span{Hf | f ∈ K[ξ, η]} ≃ K[ξ, η]/K · 1,
where
Hf =
∂f
∂ξ1
∂
∂η1
+
∂f
∂η1
∂
∂ξ1
+
∂f
∂ξ2
∂
∂η2
+
∂f
∂η2
∂
∂ξ2
.
The Lie bracket [Hf , Hg] = H{f,g} is given by the Poisson bracket:
{f, g} := ∂f
∂ξ1
∂g
∂η1
+
∂f
∂η1
∂g
∂ξ1
+
∂f
∂ξ2
∂g
∂η2
+
∂f
∂η2
∂g
∂ξ2
.
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The derived Lie superalgebra h(1)(0|4) admits an invariant non-degenerate (super)symmetric
bilinear form given by the Berezin integral
Bh(1)(0|4)(f, g) :=
∫
fg vol(ξ, η) (=the coefficient of the monomial ξ1ξ2η1η2).
5.4.1. Claim. The space out(h(1)(0|4)) = H1(h(1)(0|4); h(1)(0|4)) is spanned by the cocycles:
(60)
deg = −2 : D1 = ξ1 ⊗ ̂(ξ1 ξ2 η2) + ξ2 ⊗ ̂(ξ1 ξ2 η1) + η1 ⊗ ̂(ξ2 η1 η2) + η2 ⊗ ̂(ξ1 η1 η2);
deg = 0 : D2 = ξ1 ⊗ η̂1 + (ξ1 ξ2) ⊗ ξ̂2 η1 + (ξ1 η2)⊗ η̂1 η2 + (ξ1 ξ2 η2) ⊗ ̂(ξ2 η1 η2);
D3 = ξ2 ⊗ η̂2 + (ξ1 ξ2) ⊗ ξ̂1 η2 + (ξ2 η1)⊗ η̂1 η2 + (ξ1 ξ2 η1) ⊗ ̂(ξ1 η1 η2);
D4 = η1 ⊗ ξ̂1 + (ξ2 η1)⊗ ξ̂1 ξ2 + (η1 η2)⊗ ξ̂1 η2 + (ξ2 η1 η2)⊗ ̂(ξ1 ξ2 η2);
D5 = η2 ⊗ ξ̂2 + (ξ1 η2)⊗ ξ̂1 ξ2 + (η1 η2)⊗ ξ̂2 η1 + (ξ1 η1 η2)⊗ ̂(ξ1 ξ2 η1);
D6 = ξ2 ⊗ ξ̂2 + η1 ⊗ η̂1 + (ξ1 η2)⊗ ξ̂1 η2 + (ξ2 η1)⊗ ξ̂2 η1 + (ξ1 ξ2 η2)⊗ ̂(ξ1 ξ2 η2) + (ξ1 η1 η2)⊗ ̂(ξ1 η1 η2);
deg = 2 : D7 = (ξ1 ξ2 η1)⊗ ξ̂2 + (ξ1 ξ2 η2)⊗ ξ̂1 + (ξ1 η1 η2)⊗ η̂2 + (ξ2 η1 η2) ⊗ η̂1.
Fix a lexicographically ordered basis on h(1)(0|4). In this basis, we identify the bilinear
form B with its Gram matrix antidiag(1, ..., 1). All derivations (60) are compatible with B,
i.e., they satisfy
Bh(1)(0|4)(D(f), g) = Bh(1)(0|4)(f,D(g)) for any f, g ∈ h(1)(0|4) and
Bh(1)(0|4)(D(f), f) = 0 for any f ∈ h(1)(0|4)0¯.
Let us give the proof only for the cocycle D1. The proof is identical for the other deriva-
tions. The matrix representation of D1 in the same basis is D1 ≃ E1,12+E2,11+E3,14+E4,13.
Now, the condition BtD1 = D1B is easily seen. Besides, since D1 acts by zero on the even
part, it follows that
Bh(1)(0|4)(D1(f), f) = 0 for any f ∈ h(1)(0|4)0¯.
Let a = λ1ξ1 + . . .+ λ8ξ2η1η2. The quadratic forms associated with D1 and D7 are given,
respectively, by:
α1(a) = λ6λ8 + λ5λ7, α7(a) = λ2λ4 + λ1λ3.
Let us show that, up to an isometry, the derivations (D1, α1) and (D7, α7) give the same Lie
superalgebra. Indeed, the isometry is given by (other generators are fixed):
ξ1 ←→ ξ1ξ2η2, ξ2 ←→ ξ1ξ2η1, η1 ←→ ξ2η1η2, η2 ←→ ξ1η1η2, λ = 1, ν = 0, t = 0.
On the other hand, the even double extension of the Lie superalgebra h(1)(0|4) by means of
(D7, α7) is isomorphic to po(0|4). Indeed the isomorphism is given by
ϕ(x) = 1, ϕ(x∗) = ξ1ξ2η1η2, ϕ|h(1)(0|4) = id .
All extensions by means of the derivations D2, D3, D4 and D5 are isometric. Here is the list
of isometries relating D2 with D3, D4 and D5:
D3 : ξ1 ←→ ξ2, ξ2 ←→ ξ1, η1 ←→ η2, η2 ←→ η1, λ = 1, ν = 0; t = 0,
D4 : ξ1 ←→ η1, ξ2 ←→ ξ2, η2 ←→ η2, η1 ←→ ξ1, λ = 1, ν = 0; t = 0,
D5 : ξ1 ←→ η2, η1 ←→ ξ2, η2 ←→ ξ1, ξ2 ←→ η1, λ = 1, ν = 0; t = 0.
then extended to monomials in ξ’s and η’s.
Moreover, the double extension of h(1)(0|4) by means of (D6, α6), see Table (61), is isomet-
ric to gl(2|2) with the standard NIS given by the supertrace. The isometry is explicitly given
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on generators by the following correspondences (other elements are obtained by bracketing)
η1 ←→ E3,2, ξ1η2 ←→ E2,1, ξ1ξ2 ←→ E4,3, ξ1ξ2η2 ←→ E2,3,
ξ2η1 ←→ E1,2, η1η2 ←→ E3,4, x ←→ I, x∗ ←→ E2,2.
Table (61) gives the quadratic form associated with each derivation, and the respective even
double extension, up to an isometry
(61)
Derivation α(a) Double extension
D2 λ3λ8 p˜o(0|4)
D6 λ2λ7 + λ3λ6 gl(2|2)
D7 λ2λ4 + λ1λ3 po(0|4)
5.4.2. Claim. dim out(po(0|4)) = 3, dim out(gl(2|2)) = 1 and dim out(p˜o(0|4)) = 5, hence
p˜o(0|4), gl(2|2) and po(0|4) are pairwise not isomorphic.
The Lie superalgebra p˜o(0|4) has no analog for p 6= 2. To show that, we need the following
result:
5.4.3. Claim. For p 6= 2, the space H1(h(1)(0|4); h(1)(0|4)) is spanned by three cocycles
whose degrees are −2, 0 and 2.
The D-extension of h(1)(0|4) corresponding to the derivatives of degree 2 and −2 are
isometric to the Poisson Lie superalgebra po(0|4). The D-extension corresponding to the
derivative of degree 0 is isometric to gl(2|2).
6. Examples: the case where the bilinear form B is odd
We give here an example of D-extensions in the case where the bilinear form B is odd.
6.1. The Lie superalgebra h(1)(0|5). Consider the Hamiltonian superalgebra h(0|5), see
[BGLLS2]. As a vector space (here ξ’s, η’s and θ are odd indeterminates) it can be considered
as follows:
h(0|5) ≃ Span{Hf | f ∈ K[ξ, η, θ]} ≃ K[ξ, η, θ]/K · 1,
where
Hf =
∂f
∂ξ1
∂
∂η1
+
∂f
∂η1
∂
∂ξ1
+
∂f
∂ξ2
∂
∂η2
+
∂f
∂η2
∂
∂ξ2
+
∂f
∂θ
∂
∂θ
.
The Lie bracket [Hf , Hg] = H{f,g} is given by the Poisson bracket:
{f, g} := ∂f
∂ξ1
∂g
∂η1
+
∂f
∂η1
∂g
∂ξ1
+
∂f
∂ξ2
∂g
∂η2
+
∂f
∂η2
∂g
∂ξ2
+
∂f
∂θ
∂g
∂θ
.
The derived Lie superalgebra h(1)(0|5) admits an invariant non-degenerate odd (super)symmetric
bilinear form given by the Berezin integral
Bh(1)(0|5)(f, g) :=
∫
fg vol (=the coefficient of the monomial ξ1ξ2η1η2θ).
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6.1.1. Claim. The space out(h(1)(0|5)) = H1(h(1)(0|5); h(1)(0|5)) is spanned by the cocycles:
(the odd cocycle is underlined)
(62)
deg = 0 : D1 = ξ1 ⊗ η̂1 + (ξ1 θ)⊗ η̂1θ + (ξ1 ζ2)⊗ ξ̂2 η1 + (ξ1 η2)(̂η1η2) + (ξ1 ξ2 θ)⊗ ξ̂2 η1 θ + (ξ1 η2 θ)⊗ ̂(η1 η2 θ)
+(ξ1 ξ2 η2)⊗ ̂(ξ2 η1 η2) + (ζ1 ξ2 η2 θ)⊗ ̂(ξ2 η1 η2 θ);
D2 = ξ2 ⊗ η̂2 + (ξ2 θ)⊗ (̂η2 θ) + (ξ1 ξ2)⊗ (̂ξ1 η2) + (ξ2 η1)⊗ ̂(η1 η2) + (ξ1 ξ2 θ)⊗ ̂(ξ1 η2 θ) + (ξ2 η1 θ)⊗ ̂(η1 η2 θ)
+(ξ1 ξ2 η) ⊗ ̂(ξ1 η1 η2) + (ξ1 ξ2 η1 θ)⊗ ̂(ξ1 η1 η2 θ);
D3 = η1 ⊗ ξ̂1 + (η1 θ)⊗ ξ̂1 θ + (ξ2 η1)⊗ (̂ξ1 ξ2) + (η1 η2)⊗ ̂(ξ1 η2) + (ξ2 η1 θ)⊗ ̂(ξ1 ξ2 θ) + (η1 η2 θ)⊗ ̂(ξ1 η2 θ)
+(ξ2 η1 η2)⊗ ̂(ξ1 ξ2 η2) + (ξ2 η1 η2 θ)⊗ ̂(ξ1 ξ2 η2 θ);
D4 = η2 ⊗ ξ̂2 + (η2 θ)⊗ (̂ξ2 θ) + (ξ1 η2)⊗ ξ̂1 ξ2 + (η1 η2)⊗ ̂(ξ2 η1) + (ξ1 η2 θ)⊗ ̂(ξ1 ξ2 θ) + (η1 η2 θ)⊗ ̂(ξ2 η1 θ)
+(ξ1 η1 η2)⊗ ̂(ξ1 ξ2 η1) + (ξ1 η1 η2 θ)⊗ ̂(ξ1 ξ2 η1 θ);
D5 = θ ⊗ θ̂ + ξ1 ⊗ ξ̂1 + ξ2 ⊗ ξ̂2 + η1 ⊗ η̂1 + η2 ⊗ η̂2 + (ξ1 ξ2 θ)⊗ ̂(ξ1 ξ2 θ) + (ξ1 η1 θ)⊗ ̂(ξ1 η1 θ)
+(ξ1 η2 θ)⊗ ̂(ξ1 η2 θ) + (ξ2 η1 θ)⊗ ̂(ξ2 η1 θ) + (ξ2 η2 θ)⊗ ̂(ξ2 η2 θ) + (η1 η2 θ)⊗ ̂(η1 η2 θ)
+(ξ1 ξ2 η1)⊗ ̂(ξ1 ξ2 η1) + (ξ1 ξ2 η2)⊗ ̂(ξ1 ξ2 η2) + (ξ1 η1 η2)⊗ ̂(ξ1 η1 η2) + (ξ2 η1 η2)⊗ ̂(ξ2 η1 η2);
deg = 3 : D6 = (ξ1 ξ2 η1 θ)⊗ ξ̂2 + (ξ1 ξ2 η2 θ)⊗ ξ̂1 + (ξ1 η1 η2 θ)⊗ η̂2 + (ξ2 η1 η2 θ)⊗ η̂1 + (ξ1 ξ2 η1 η2)⊗ θ̂
6.1.2. The D0¯-extension. Let us first show that the derivation D5 is not compatible with
the bilinear form. Indeed,
Bh(1)(0|5)(D5(θ), ξ1ξ2η1η2) = 1 while Bh(1)(0|5)(θ,D5(ξ1ξ2η1η2)) = 0.
Now, the derivations D1, D2, D3 and D4 are compatible with the bilinear form Bh(1)(0|5), and
the proof is similar to that of h(1)(0|4) in § 5.
All extensions by means of the derivations D1, D2, D3 and D4 are isometric. Here is the
list of isometries relating D1 with D2, D3 and D4:
D2 : ξ1 ←→ ξ2, ξ2 ←→ ξ1, η1 ←→ η2, η2 ←→ η1, θ ←→ θ, λ = 1, ν = 0; t = 0,
D3 : ξ1 ←→ η1, ξ2 ←→ ξ2, η2 ←→ η2, η1 ←→ ξ1, θ ←→ θ, λ = 1, ν = 0; t = 0,
D4 : ξ1 ←→ η2, η1 ←→ ξ2, η2 ←→ η1, ξ2 ←→ ξ1, θ ←→ θ, λ = 1, ν = 0; t = 0,
then extended to monomials in ξ’s and η’s. The double extension by means of the derivation
D1 is a Lie superalgebra that we denote by p˜o(0|5).
Table(63) summarizes these results:
(63)
Derivation Compatibility with Bh(1)(0|5) sg(x) D0¯-extension
D1 Yes 0 p˜o(0|5)
D5 No – –
6.1.3. The D1¯-extension. Fix a lexicographically ordered basis on h
(1)(0|5). In this basis,
we identify the bilinear form Bh(1)(0|5) with its Gram matrix antidiag(1, ..., 1). The derivation
D6 is compatible with Bh(1)(0|5), i.e., satisfies
Bh(1)(0|5)(D6(f), g) = Bh(1)(0|5)(f,D6(g)) for any f, g ∈ h(1)(0|5) and
Bh(1)(0|5)(D6(f), f) = 0 for any f ∈ h(1)(0|5)0¯.
The matrix representation of D6 in the same basis is
D6 ≃ E26,3 + E27,2 + E28,5 + E29,4 + E30,1.
Now, the condition BtD6 = D6B is easily seen. Besides, since D6 acts by zero on the even
part, it follows that
Bh(1)(0|5)(D6(f), f) = 0 for any f ∈ h(1)(0|5)0¯.
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Let a = λ1θ + λ2ξ1 + . . .+ λ15ξ2η1η2. The quadratic form associated with D6 is given by:
α6(a) = λ3λ5 + λ2λ4.
Now, since 0 = D2 = ada0 , it follows that a0 = 0 because h
(1)(0|5) has no center. We have,
therefore, a parametric family of double extensions by means of D6, α6, a0 = 0 and m ∈ K
(see Theorem 4.1.1) that we denote by po(0|5;m). We will show that this family is not
isometric to po(0|5; 0) (the usual Poisson algebra po(0|5)). Indeed, suppose there is such an
isometry, say pi, between po(0|5;m) and po(0|5). It follows that (see Theorem 4.3.3)
D6 ◦ pi0 = λpi0 ◦D6 + adt for some t ∈ h(1)(0|5)1¯.
Let us evaluate the equation above at any arbitrary a ∈ h(1)(0|5)0¯. Since D6(a) = 0 and pi0
is even, it follows that adt(a) = 0 for any a ∈ h(1)(0|5)0¯. A direct computation shows that
t = 0. On the other hand, Eq. (54) of Theorem 4.3.3 implies that m = 0. A contradiction.
On the other hand, the even double extension po(0|5; 0) is isomorphic to po(0|5). Indeed
the isomorphism is given by
ϕ(x) = 1, ϕ(e) = ξ1ξ2η1η2θ, ϕ|h(1)(0|5) = id .
The table below summarizes these results:
(64)
Derivation α(a) sg(e) Double extension
D6 λ3λ5 + λ2λ4 0 po(0|5)
D6 λ3λ5 + λ2λ4 mx po(0|5;m),m 6= 0
7. Nilpotent NIS-Lie superalgebras
The goal of this section is to prove that every 2-step nilpotent NIS-Lie superalgebra in
characteristic 2 can be obtained by an inductive process of D-extensions.
Let (g, Bg) be a NIS-Lie superalgebra such that Bg is even. Let V be a subspace of g. We
define the following subspace
V ♯ := {x ∈ g | Bg(x, V ) = 0, and Bg(sg(x), V ) = 0 whenever x ∈ g1¯}.
7.1. Proposition. Let I be an ideal of g. The subspace I♯ is an ideal of g. Moreover, I⊥
is an ideal of g if and only if I⊥ = I♯.
Proof. Let x ∈ I♯ and y ∈ g. We have
Bg([x, y], z) = Bg(x, [y, z]) = 0 for any z ∈ I.
It follows that [x, y] ∈ I♯. Suppose now that x ∈ (I♯)1¯. Since B(sg(x), I) = 0, it follows that
sg(x) ∈ I♯. Therefore, I♯ is an ideal of g. Suppose now that I⊥ is an ideal. Let x ∈ I⊥. If
x is even then x ∈ I♯ and we are done. If x is odd, then sg(x) ∈ I⊥ because I⊥ is an ideal.
Therefore, Bg(sg(x), I) = 0. Thus, x ∈ I♯. Conversely, suppose that I⊥ = I♯. It follows that
I⊥ is an ideal because I♯ is an ideal. 
7.2. Lemma. If (g, Bg) is a NIS-Lie superalgebra, then
(i) ([g, g])⊥ = z(g);
(ii) ([g, g])♯ = zs(g);
(iii) (g(1))⊥ = zs(g).
Proof. (i) Let z ∈ z(g). Let x, y ∈ g. We have Bg(z, [x, y]) = Bg([z, x], y) = 0. It follows
that z ∈ ([g, g])⊥. The other way around, let z ∈ ([g, g])⊥. Let x, y ∈ g. We have
Bg([z, x], y) = B(z, [x, y]) = 0.
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It follows that [z, x] = 0 since Bg is non-degenerate. Therefore, z ∈ z(g).
(ii) Since ([g, g])♯ = ([g, g])⊥ ∩ {x ∈ g1¯ | Bg(sg(x), V ) = 0}, the result follows from (i).
(iii) Using Part (i) we have
(zs(g))
⊥ =
(
z(g) ∩ (sg(g1¯))⊥
)⊥
= [g, g] + sg(g1¯)
= g(1). 
7.3. Proposition. If K is a perfect field and dim(z(g)1¯) > dim(z(g)0¯), then (g, Bg) is
obtained as an D1¯-extension of a NIS-Lie superalgebra.
Proof. Let us show first that sg becomes additive when restricted on z(g)1¯. Indeed, let
x, y ∈ z(g)1¯. We see that
0 = [x, y]g = sg(x+ y)− sg(x)− sg(y).
The result follows.
Let us show that if the squaring sg|z(g)1¯ is injective, then
dim(z(g)1¯) ≤ dim(z(g)0¯).
Suppose that z(g)1¯ = Span{ei | i = 1, . . . , n}. If
∑
i
αisg(ei) = 0, then sg(
∑
i
√
αiei) = 0. Since
sg in injective, it follows that
∑
i
√
αiei = 0, and hence αi = 0 for any i = 1, . . . , n. Thus,
dim(z(g)1¯) ≤ dim(z(g)0¯). By our assumption, the squaring sg|z(g)1¯ must be non-injective.
It follows that there exists a non-zero element x ∈ z(g)1¯ such that sg(x) = 0. Therefore,
z(g)1¯ ∩ C (g, Bg) 6= {0} and Proposition 3.2.2 can be applied. 
7.4. Proposition. Suppose that (g, Bg) is a non-abelian irreducible 2-step nilpotent NIS-
Lie superalgebra of dim(g) > 2. Then (g, Bg) is obtained as an D-extension of a NIS-Lie
superalgebra.
Proof. Since g is 2-step nilpotent, it follows that
[g, [g, g]g]g = 0, [g, sg(g1¯)]g = 0, sg([g0¯, g1¯]g) = 0.
If [g0¯, g1¯]g 6= 0, then there exists x ∈ [g0¯, g1¯]g such that sg(x) = 0. In addition, x ∈ z(g)1¯.
Therefore, Proposition 3.2.2 can be applied, and hence g can be obtained as a D1¯-extension
from a NIS-Lie superalgebra.
If [g0¯, g1¯]g = 0, then Bg(g0¯, [g1¯, g1¯]g) = 0 since Bg is invariant. Therefore, [g1¯, g1¯]g = 0 since
Bg is even. It follows that g1¯ ⊆ z(g)1¯ and, hence, g1¯ = z(g)1¯. It follows that sg(g1¯) ⊆ z(g)0¯.
Let us consider I = sg(g1¯) ⊕ g1¯. This is obviously an ideal. If g = I, then g is abelian,
ruled out by hypothesis. If I 6= g, then we write g = I ⊕ I⊥. Moreover, I⊥ = I♯ and using
Proposition 7.1 it follows that I⊥ is an ideal. Since (g, Bg) is irreducible it follows that I
is degenerate. Hence, there exists a non-zero x ∈ I such that Bg(x, sg(g1¯)) = 0. Therefore,
x ∈ zs(g), and hence g can be obtained as a D0¯-extension from a NIS-Lie superalgebra
following the steps in Proposition 3.1.3. 
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